SUPPLEMENTAL APPENDIX TO “INFERENCE ON MODEL PARAMETERS

WITH MANY L-MOMENTS”
LUIS A. F. ALVAREZ, CHANG CHIANN, AND PEDRO A. MORETTIN

ABSTRACT. This Supplemental Appendix presents the proofs of the main results in the paper, as
well as details on the methods of selection of L-moments, the extensions to “residual analysis” and

conditional models, and additional information on the Monte Carlo exercises.
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APPENDIX A. PROOF OF MAIN RESULTS IN THE TEXT

A.1. Proof of Proposition 1.

Proof. For 6 € O, define:

M(8) =

/ (Qv(w) = Qv (ul0) PR<u>’du] (W) [ [ (@rtw) = Qv (wio)) P(upa

p

Mo(8) = [/p (Qy () — Qy (ulf)) P (u )dUI( )[/ (Qy (1) — Qv (u]f)) P*(u)du

hf(0) == Qy (1) — Qy (ul)) P (u)du
[ )

B (6) = / (@Qv(w) — Qy (ul6) PP (u)du.

Then, proceeding similarly to Theorem 2.6 of Newey and McFadden (1994), we have that, by

application of the Cauchy-Schwarz inequality and the properties of the spectral norm:

[M(0) = Mo(0)] < [(h"(0) — hg' (0)) W (h"(0) — h'(0)) |+
|6/ (0) (W + W) (R™(9) — h'(0))] + [hg' (B) (W — QF)hg'(9)] <
< [WH 2 IR7(0) — kg ()13 + 21W Izl g (8) — R () |22 (0) 2 + [[WF — QLI A5 (D)5

We analyse the behaviour of each term separately. First, note that, by Bessel’s inequality and

Assumption 1:

R 2

1hR(0) — hEO)2 = S [ / [y (w) — Qu ()] P(u)du| < 1@y () — Qv () LpalPeon = o0 (1).

=1 14

where the upper bound does not depend on #. Next, we have:

Ihg ()11 < @y () = Qv (10)) Lipllz2 0 < 2ilég||QY('|A)ﬂ[g,m||L2[o,11 < 00,

where we use Bessel’s inequality (Kreyszig, 1989, page 157) and the last part of Assumption 4.

Combining these facts with Assumption 3, we obtain:

sup |M () — Mo(6)] = 0.
0cO

Finally we verify the unique identifiability condition of Pétscher and Prucha (1997, Definition
3.1). Since My(6y) = 0, the condition subsumes to verifying that, for each e > 0:

lim inf inf My(6) > 0.
T,RHOO 96@:”9—90“226
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This condition is clearly implied by Assumption 3. Applying Lemma 3.1. of Potscher and
Prucha (1997), we conclude that 6 S 6y, as desired. O

A.2. Proof of Proposition 2.

Proof. Following the usual argument in the Generalised Method of Moments literature (Newey
and McFadden, 1994), we first show that 67 satisfies a first order condition with high probability.

Indeed, under Assumption 5, straightforward application of the dominated convergence theorem

reveals that hf'(0) = fpp (Qy(u) - Qy(u]9)> P (u)du is differentiable on O, with derivative given
by differentiation under the integral sign. Moreover, since 6 € O and 8 5 6, 6 € O with
probability approaching one (wpa 1). It thus follows that

Vo h™ ()W h"(6) = 0, (1)
holds wpal, where VghF(0) denotes the Jacobian of h® with respect to 6, evaluated at 6.

Next, since, for each u € [p, p], 0 = Qy (u|f) is continuously differentiable on O, a mean-value-

expansion yields that, with probability approaching one:

B (G) = h(60) + Vo hR(0)(6 - 6).
where Vg hf(0) is the R X d matrix where each line [ is equal to — fp Vo Qy (ulf(w)) P (u)du, and

é(u) is a u-specific element in the line segment between 6 and 0. Rearranging terms, adding and

subtracting Qf yields:

Vo b (0)QFRE(6y) + Vo hE(0) (WE — Q)AL (6,)

= —Vah™(0) Qe hE(0)(0 — 0y) — Vo hE(0) (W — QBYVe hE(6)(6 — 6,) .
The crucial step now is to work out asymptotic tightness of a normalization of hf(6,). Observe

that Assumption 6 entails that:

2

|vTnt o) [ VTG — Qv ) Padu] < IVE@r (=@ () Lo = O (1.

9 oo
=

The next step in the proof concerns the approximation of Vgh% () to Vghf(6y) in the spectral

norm. Notice that, by the properties of the spectral norm and Bessel’s inequality:

d
Vo h™(0) — Vb Z [0, Qy (10) — 95, Qv (160) L p 1 72101 -

We claim that, 05 0y, together with Assumption 5, is sufficient to ensure the upper bound
above is 0,+(1). Since d is fixed, we may consider the argument for a fixed s = 1,2,...d. Fix
n,e > 0. Since, by assumption, 0s;Qy (u|f) is continuous at 6y, uniformly in u; there exists 6 > 0

such that:
4



16— Bolls <5 —> 0.0y (ul6) — D,y (ulde)| < Y Vue p.l.

"3

p _
Now, since 05 By, there exists N € N such that, for all "> N:

P(/|0 — 0olla < 6) > 1 -1,
implying that, by monotonicity of the outer probability, for T > N:

P*([|[06.Qy (-10) — 30, Q (-100)] Ll 720 < €) = 1= 7.

Since the choice of 1 and € is arbitrary, we obtain that:

1106, Qv (-16) — 30.Qy (160)]LiplIZ 2101 = 05+ (1),

and since d is fixed, we conclude that:

IV h"(8) = Varh™ (60) 5 = 0p+(1) -

Next, we would like to similarly argue that ||Vghf'(0) — Vah®(0)||3 = op-(1). The difficulty

here is that each u possesses its u-specific é(u) Note, however, that by Bessel’s inequality:

2

||V9/m9/) — VahB(6)|3 < Z [/P (39.QQY(U|6’~(U)) — 395Qy(u|90)> Pz(U)du]

Under Assumption 7, a mean-value expansion of the right-hand side above, followed by using
Holder’s inequality, ||F||z2j01] = 1, the Cauchy-Schwarz inequality, and that 16 — Boll2 < |6 — 6o]|2

for any 0 in the line segment between 6 and 6y; yields

[/P <695QY<U|9~(U)) - aesQY(UWO)) PI(U)dU] = [/P Vo 0p, Qy (u|0(u))' ((u) — 90)B(U)dU] <

< [ [Vo00.Qv (w60 @) — 60)] " < ( / puvaaes@y(uré<u>>rr§du> 6= 60ll3 = 0,(1),

as desired.
Next, using that ||V h'(6y)|3 = O(1) (which follows from Bessel’s inequality and the last part

of Assumption 5) and the previous results, we arrive at:

(Vorh®(00) Qg T (00) + rTF)VWT(0 — 0y) = =V hT(0) QF(VThE(0y)) + op-(1),
where the remainder r7% satisfies ||rT%#||2 = op~(1). To proceed, we need to ensure that the matrix
(Vo h(00)' QY o hE(0y) +rTE) is invertible with high probability. Notice that, under the condition
in Assumption 8, we have, using the Bauer-Fike theorem (Bhatia, 1997, Theorem VIII.3.1), that,

wpa 1,



Amin (Vo' (00)' Q7 Vo b (6p) + ™) > 0,

and further using that, for invertible matrices Ay and A

AT = Agtla = AT (Ag — A)AG 2 < JAT 2]l (Ao — A) 2| A2,
[A7 2 = [[A7H(A = Ag) At — Agtll2 < 1A 2 + 1A 2]l (Ao — A) Il A5 2,
We obtain that:

[ Ao — All2
1A 2" = [[A = Aol
Taking Ay = Vo h(0y) Ve h%(0y) and A = Ve h(0,) U7V e h%(0y) + 777 and using that As-
sumption 8 implies || (Vo h®(6o)’ QRVQ/hR(HO))_IHQ is bounded above uniformly in R,' we conclude
that:

IA™ = Agll2 < 1A "Iz

1(Vorh(60)' Q¥ Vo T (00) + ) = (Vo b (00)' @V g h(65)) |2 = 0p-(1) -

From which we conclude that, wpa 1:

VT (0 — 0p) = —(Voh®(0)QEV e hE(00)) " Vo b (0,) QR (VT (0y)) + 0p-(1)

proving the desired asymptotic linear representation. O

APPENDIX B. VERIFICATION OF THE BOUNDEDNESS CONDITION IN ASSUMPTION 4 FOR THE
GEV AnND GPD DISTRIBUTIONS

B.1. Generalized Extreme Value. Consider a Generalized Extreme Value with location pa-
rameter £ € R, scale parameter o > 0 and shape parameter k£ € R. Denoting by 6 = (£, o, k)’ the
vector of parameters, we have that the quantile function is given by (Hosking, 1986, page 70):

§+a(l—(—log(u)*)/k k#0
¢ — alog(—log(u)) k=0
In this case, for k > —1/2, it follows that (Singh, 1998, page 178):

Q(ulf) =

(E+2[1 =T +k)° +% T +2k) —T(1+k)2), k#0

(€ = al'(1))" +a® (I"(1) = (I'(1))%) k=0

where I' denotes the Gamma function; and the integral under & = 0 coincides with the limit
when k& — 0 (Kotz and Nadarajah, 2000, page 12). By continuity of the Gamma function on
R, ., it follows that 6 — fol Q(u]0)?du is continuous on R x R, ; x (—=1/2,00). Consequently, for

any compact parameter space © C R x R, x (—1/2,00), the uniform boundedness condition in

/0 Qo) =

IFor a positive (semi)definite symmetric matrix, eigenvalues and singular values coincide. Consequently, || Ay =
m, which is bounded above by Assumption 8.

6



Assumption 4 will be satisfied with 0 = p < p = 1. In addition, if we choose trimming constants
0 <pandp <1, it is possible to consider a compact parameter space © C R x R, x R, since, in
this case, for any 0 € ©:

[ Qi< (- 1) (QIOY v QIO
with both Q(p|6) and Q(ﬁ|«§) continuous in 6.

B.2. Generalized Pareto. Consider a Generalized Pareto Distribution with location parameter
¢ € R, scale parameter a > 0 and shape parameter k € R. Denoting by 6 = (&, «, k)’ the vector of
parameters, we have that the quantile function is given by (Hosking, 1986, page 67):

Qul9) = E+a(l—1—-wr)/k, k#0 |
¢ —alog(l —u), k=0

If £ > —1/2, we have that (Hosking and Wallis, 1987):

042

2
/ Qlulf)du = (“ (1+k)) TRt 2k
from which it follows that the boundedness condition in Assumption 4 is satisfied with 0 = p <
= 1 for a parameter space © C R x R, x (—1/2,00) such that II; 20 = {(61,6:) : 6 € O} is
compact and inf{f; : § € ©} > —1/2. Moreover, and similarly to the GEV case, if one considers a

trimming constant p < 1, then it is possible to consider parameter spaces © C R x R, x R such
that {(01,6;) : 0 € ©} is compact and [I30 = {3 : § € O} is bounded below, since, in this case,

J7 Qulo)*du < B(Q(B]0)? v Q(010)%) = B (Q(B0)* v €2), with Q(pl#)* < (£ +¢)7 if k > 0.

APPENDIX C. RELATION BETWEEN ASSUMPTIONS AND DIFFERENT NOTIONS OF
IDENTIFICATION

C.1. Relation between the strong identifiability part of Assumption 4 and the usual
notion of identifiability in parametric families. In what follows, consider the population
version of the objective function stated in Assumption 4 in the main text, with the choice 0 = p <
p=1

vie) = | [ Qv () — Qv (ul) Pr(ufa] 0® | [ (v (ul6) = Qy (ulf) P*(w)du

Proposition C.1. Suppose that © is compact, that 0 — fol Q(ul0)?du is bounded and (',0") —
fo (u|@') — Q(ul0"))?du is continuous, that the {P}; form an orthonormal basis in L?[0,1], and
that the smallest eigenvalue of Qg is bounded away from zero, uniformly in R. Then the parametric
family 0y is identified in the usual sense (meaning 0 # 0y —> Fy # Fy,) if, and only if, for every
e>0:

liminf  inf  V3(0) >0

Ro0o 9e6:|o—bo)|>e
7



Proof. Suppose that 6, is not identified in the usual sense. Then there exists 6 € © such that 6 #
and F; = Fy,. Consequently, Q(-|6p) = Q(-|9), and, taking €* = ||§ — || > 0, we have:

96@:“;2190”26* VR(Q) 0, VR € N

In the other direction, suppose that 6, is identified in the usual sense. Fix ¢ > 0. Since
V*(0) = fol(Q(uW) — Q(uly))?du is continuous and bounded and {# € © : ||§ — Oy|| > €} is
compact, identifiability in the usual sense implies that infgce.|s—g,>e V*(6) > 0. Moreover, since
Qg is symmetric and real, it admits an eigendecomposition DpAr D%, where Ay a diagonal matrix
with the eigenvalues of Qp, and Dy Dr = DrD}y = Iz. This implies that, denoting by D, r the
[-th column of Dy and defining vg(0) = fol (Qy (ul0) — Qy (u|by)) PE(u)du:

Vin(0) = > Mr(D] gor(6))* = A (D] qur(6))* = Av(6) (Z Dl,RDf,zz) vr(0) = Mlvr(9)]1,
=1

I=1 1=1
where A > 0 is the uniform lower bound on the eigenvalues of the Qg. Now, since the { P, };en form
an orthonormal basis in L?[0, 1], it follows from Parseval identity (Kreyszig, 1989, page 170) that,
for every 6 € ©, as R — oo, |[vr(0)|* T V*(0). Moreover, notice that, by the mean-value theorem,
for every ¢',0" € ©:

Ilr(@)1 = [lvr(@)*] < 2Cp o |lvr(@)] = lvr(@")I] < 2C*(lv(0") — va(0")] <

20*\/ / (Qul6) — Q(ulo")du.

where Cyrgr € [Jon(@)], [or(®")ll], with [[or(@)| V [or(6")]] < supgee y/ fit Q(ulf)2du = C* by
Bessel inequality; and where the last inequality in (2) follows again by Bessel inequality. From (2),
we conclude that the functions 8 — ||vg(0)|?, R € N, are uniformly equicontinuous. Moreover, this
sequence of functions is also uniformly bounded, as they converge pontwise monotonically to the
bounded function V*. Consequently, it follows by the Arzela-Ascoli theorem that these functions
converge uniformly to V*, implying that:

lim inf  |lvg(0)|* = inf  V*(0) >0,

R—00 0€0:||6—6p]|>¢ 0€0:(|0—0o|>e€

thus yielding that liminfr_. infgeo.j9—go>e Vi (6) > 0.

C.2. Relation between eigenvalue assumption and identification. The goal of this sec-
tion is to show how Assumption & is related to identification. We consider a stronger version of

Assumption 4 as follows:

21f not, there would exist 6 # 6 such that V*(9) =0 — Fy = Fy,.
8



Assumption C.1. There exists C' > 0 and h : Ry — R, such that, for every R € N and € > 0:

QR
96@2“0790“226

inf [/p (Qy (u]d) — Qy (u|bo)) PE(u) du

[ @ (wio) - @y o) P = On),

where h(x) > 0 for all x > 0 and lim,_, o) — 1,

T

It is clear that Assumption C.1 implies Assumption 4. Perhaps less obviously, Assumption C.1
implies Assumption 8 under conditions that allow differentiability under the integral sign (As-

sumption 5).
Proposition C.2. Suppose Assumption 5 holds. Then Assumption C.1 implies Assumption 8.

Proof. Suppose Assumption C.1 holds. Fix ¢ € RY ||t = 1. We then have that, by Assump-
tion C.1:

f [ /p (Qy (ulfy + €) — Qy (u|6p)) PE(u)du| > C'hf(;) .

P

|

[1 /p (Qy (ulb + 1) — Qy (u]o)) PE(u) du

Taking limits yields that:

VN o hf(00) QN g b (0p) > C.
Now, since Vg hf'(0y)'QEV e hf(0) is symmetric and real, it admits an eigendecomposition
PRARP}/%, where PRP}/{ = P]/%PR = ]Id and AR = diag()\lR,)\gR. . ')\dR)a with )\1R S /\QR.. . S )\dR
being the eigenvalues of Vg h(0)'QEV g hf(6y). This in turn implies that:

AMr= min 2'Agzx = min (Ppu)'Ag(Pru) > C >0,

z:||z|2=1 w:||ull2=1

which proves the desired result. 0

APPENDIX D. COMPARISON WITH SERIES-IV ESTIMATOR OF DONALD ET AL. (2003)

In this Appendix, we compare our proposed generalised L-moment estimator with the series-
IV estimator introduced by Donald et al. (2003) in the context of inference based on conditional
moment restrictions. Specifically, consider a scalar parameter 5, € R that is identified through a

conditional moment restriction of the form:

E[Z(B0)|X] =0,
and suppose one has access to a random sample {(Z;(-), X;)}_, from (Z(-), X), with Z(b) having
finite second moment for every b € R, and V[Z(b)|X] < C} for some C, € R and every b € R. Let
{pi(-) }1en be a sequence of series transformations that is able to approximate E[Z(b)|X] in mean-
squared error, for any b € R. For R € N, we denote by Pr(X;) = (p1(X;),p2(Xi), ..., pr(X:))
and Pr = |Pg(Xy) Pr(Xs) ... Pr(Xr) /. We assume that the basis functions are “orthog-

onalised”, in the sense that PRPr = Ip. Do further define z(b) = (Zi(b),...Zr(b)), and
9



!/
X = [Xl X5 ...XT] . Donald et al.’s series-IV approach to estimating [, consists in mini-

mizing the following criterion function:

=2 (Z Zt<b>pl<xt>> = 2(0) PrPpz(b).

=1 t=1

D.1. Comparison between consistency arguments. The consistency argument in Theorem
5.1. of Donald et al. relies on showing that, as T\, R — oo:

)= 20 2 (B2 X = s0).

The error of estimating so(b) by §(b) can be decomposed into three terms:

so0) = 5(0) =  EIEI0)| X1 ~ 7B X0/ X]) + ZB[=(01X] (Ir - PrPyEL0)|X]+

. )
7 (Elz(0)| X' PrPRE[z(0)| X] — 2(0) PrPpz(0))
The above error consists of three parts. The first term is 0,(1) by the law of large numbers.
The second term may be seen as an “approximation bias” component and is o0,(1) by the series
transformation approximation property.> The third term may be seen as a “variance component”,
whose proper control imposes restrictions on the rate of growth of R. Indeed, control of this term

depends crucially on showing that:

¢ = % ((E[z(0)|X] — (b)) PrP% (E[z(0)| X] — 2(D)))

is op(1). By the cyclic invariance of the trace operator, we have:

B [C1x] = tr (7 (B [(E20)1X] - 20) (BE0)X] - =)

]PRP@) :

T

Z ()| X, (PrP)u <
O, _ G
NT(PRP))
T ; f T

which shows that the rate condition £ — 0 is sufficient to ensure that E [C} = o(1). Moreover,

if V[Z(b)|X] is bounded below by a constant ¢, > 0, then the rate condition is also necessary for

E [é} =o(1).

3Indeed, since, by assumption, there exists a sequence yx € R*, K € N, such that limg .o E[|Z(b) =75 Pr(X)]?] =
0, and given that It — PP’ is a residual-maker matrix, it follows that:
1

E HTE[zwnX]'(HT - PRP@E[z(an]H < E[1Z(8) = ¥ Pr(X)P) = o1)

10



By Markov inequality, we conclude that % — 0 is a sufficient condition to ensure that C' = 0p(1).
In addition, if Z(b) has finite fourth moment and V[Z(b)|X] is bounded below by a constant ¢, > 0,
the rate requirement is also necessary for C = 0p(1), since, in this case, there exists a constant
A > 0 not depending on T or R such that E[C?] < A. This implies that C' is uniformly integrable
(Durrett, 2019, Theorem 4.6.2) and hence, if C' = 0,(1), one has that E[C] = o(1) (Durrett, 2019,
Theorem 4.6.3), thus implying that % — 0 under the lower bound in the conditional variance.

The previous discussion evidences that, in the context of the series-IV estimator of Donald et al.
(2003), the rate condition R/T — 0 is essential for consistency. Why does our proposed generalised
L-moment estimator not require such rate restriction? An inspection of the proof of Proposition

1 presented in Appendix A.1 reveals that the “analogous” term to C' in this case is

2

D =

)

/pﬁ [(QY(U) - Qy(u|0)> — (Qy (u) — Qy(uw))} PA(u) du

where we have assumed an identity weighting matrix for the sake of clarity and comparability with

the series-IV estimator. Now, by Bessel’s inequality, we have that:
D < Qv () = Qv () Lpgll e,

where crucially the upper bound does not depend on R. Consequently, if || (Qy(~)—Qy(-))l[Bﬂ 12, 0.1]
0 (which is implied by uniform consistency of sample quantiles on [p,p]), then D= 0p(1). There-

fore, it is the special structure of L-moments that enables us to dispense with rate requirements.

D.2. Comparison between linearisation arguments. The linearisation argument underlying
the proof of Theorem 5.2 of Donald et al. (2003) assumes the rate restriction R/T? — 0. Inspection

of their argument reveals that this restriction is crucially used in order to ensure that term:

1

E::\/T

Vz(B0) PrPRz(A)

satisfies:

1

VT

In other words, the rate restriction R/T? — 0 is used in order to ensure that the “bias term”
LE [Voz(80) PrPrz(50)] = E[VoZ(Bo) (Pr(X)'Pr(X)) Z(B)] = O(R) is o(T~'/?), and thus that
E = Op(1) by application of a central limit theorem.” In contrast, inspection of the proof of

E E[Vyz(50)| X PrPrz(5y) + op(1).

Proposition 2 provided in Appendix A.2 shows that the analogous term is (again assuming identity

weights for clarity):

It has long been recognised in the literature (Newey, 1990; Donald and Newey, 2001) that, in GMM estimation,
controlling this form of “own-observation-bias” stemming from correlation between the “individual gradient” at
the truth V;,Z;(8y) and the“individual moment” at the truth Z;(8y) typically requires, for asymptotic normality,
stronger restrictions on the growth rate of R than consistency does.

11
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Two important distinctions arise with respect to the term E. First, due to the additive separa-
bility between Qy () and Qy (:|) in the difference between theoretical and empirical L-moments
entering our estimator, the gradient present in F is not affected by estimation error in Qy. This
contrasts with the term F, whose bias is precisely due to correlation between the gradient and the
sample moments.” Secondly, the special structure of L-moments enables us to straightforwardly

apply Bessel’s inequality to show that:

d
113 < (ZHaHJQY('wO)IL[P:p]||%2[0,1]) IVT(@Qy () = @v(DlZ2p0 -

j=1
which ensures that F is bounded in probability if ||v/T(Qy (-) — C)y(-))\|%2[0 ;) 1. Again, the special
structure of L-moments allowed us to bound a crucial term without resort to rate requirements.

APPENDIX E. CALCULATIONS FOR OPTIMAL WEIGHTING MATRIX IN THE IID CASE

Consider the optimal weighting matrix as in equation (16) of the main text. We focus on the

case where 0 = p < p =1 and the data is iid. Note that we may write:

Br(U) Br(V) _r -
T @y ) m%umy

where U and V are independent random variables, independent from the Brownian bridge Br. By

QR::E[ PE(U)

Foubini’s theorem, we have:

. (UAV —UV)
Q‘ﬂmwmmwm

Since standard L-moments consist of a choice of weighting functions P where each entry is

PH(U)PHY)

a linear combination of polynomials, it suffices, for the purposes of numerical computation, to

analyse the formula for polynomials U" and V*. In particular, we can estimate:

UAV-UV)
TS//m CH

using a first step consistent estimator 0 of 90, the empirical quantile function, and numerical

integration as follows:

1 (E203) A (1202) _ (£=05)) (4=05)] i—05\" [j—05\°
b P e ) ()

®The absence of correlation between the Jacobian at the truth and the moments at the truth is a more general
feature of minimum-distance-style estimators (Newey and Smith, 2004).
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where H is the number of grid points. Alternatively, we may use a nonparametric estimator for

. . . ’ . 1
the quantile derivative Qy (uv) = Gy R

APPENDIX F. TEST STATISTIC FOR OVERIDENTIFYING RESTRICTIONS

As noted in Remark 6 in the main text, the strong approximation discussed in Section 3.4
motivates a test statistic for overidentifying restrictions. Suppose R > d. Denoting by M(-) the

objective function of the estimator, we consider the test-statistic:

J=T-M(0r).
Under the null that the model is correctly specified, i.e. that there exists § € © such that
Qv (-) = Qy(-|#), the results in Section 3.4 of the main text reveal that:

J=T-M(0r) =

/pp VT [(QY(U) — Qy (1)) — Vo Qy (ulfo) (0 — 90)] PR(u)du] OF

[ / VT Qv () = Qv () = VorQy (uld) (0 — 60)| PR(u)du| +op-(1) =

QY2 (Tgur — Verh®(00) (Vo h(00) QT hT(00)) Vo hE (00)' Q) VT hi(8o)||2 + 0p(1).

This approximation can be used, along with the Gaussian strong approximations discussed in
this section, to approximate the distribution of the statistic under the null. Specifically, when the
optimal weighting scheme (16) is used, it follows from the properties of idempotent matrices that
the distribution of the test statistic may be approximated by a chi-squared distribution with R —d
degrees of freedom. To show that this approximation indeed conduces to valid inference, let J
denote the distribution of the leading term in the representation above, with VT hr(6y) replaced
by the Gaussian approximating random variable. Let ezr = J — J be the approximation error. It
follows by Lemma S.14 of Fan et al. (2023) that, for any € > 0:

sup |[P[J < ] —P[J < (| <supPle < J < c+ ] + Pllerr| > €.
ceR ceR

In addition, by Theorem 2.7 in Gotze et al. (2019), we have that, for some constant C' > 0:

~ C
supPle < J <c+¢ < L
ceR (R— d)
Consequently:
~ Ce
sup |P[J <] = P[J < || < —————+ €| + P|lerr| > €],
ceR (R— d)

The approximation error eppr consists of two parts: the error due to linearisation, and the error

due to approximating v/Th r(0y) by a Gaussian random variable. In light of our discussion in the
13



main text, both errors are op«(1). As a consequence, for an arbitrary choice of ¢ > 0, and as
T, R — oo, we obtain that:

lim sup|P[J < ¢ —P[J<¢]|=0,

T.R—00 ccR
justifying the validity of the chi-squared approximation when R increases with the sample size. In
contrast, if R is held fixed, we have to explicitly take the rate of the error erg into account. As we
have discussed, this error can be decomposed into two parts: a linearization error, and a strong
approximation error. In Appendix K, we provide conditions that ensure the linearization error is
Op(T~Y/?). The rate of the Gaussian approximation error depends on the dependence between
observations and the assumptions on the distribution: Theorems 1 and 2 in the main text provide
rates in the iid and strongly mixing settings. Let by denote the rate of the second type of error,
and ¢y := T~'/2Vby. In this case, by taking e = (cr)® for some 0 < o < 1, we are able to establish

validity of the approximation with fixed R.

APPENDIX G. BOOTSTRAP-BASED INFERENCE

In this Appendix, we show how one can leverage the Gaussian strong approximation result
presented in the main text to perform bootstrap-based inference. We focus on the iid setting.
Consider the asymptotic linear representation (9). In the main text, we have shown that, under a
Gaussian approximation, the term vT'h*(6,) can be approximated by the integral of a Brownian

bridge. Consider, now, the alternative process:

Ap = —(Vgh®(00)' QYo b (00)) Vo b (0,) Q7

[ VTGt - Gy )P )

where Qy (u) is the quantile function associated with distribution function Fy (y) = Zthl AI{Y; <

y}, where A, = Zil 7

EZ, =1, VZ, = 1, and a moment generating function (MGF) that exists on a neighborhood of

and the Z; are iid random variables, independent from the data, with

zero. The distribution Fy (y) constructed in such way is known as a weighted bootstrap estimator
of the empirical distribution Fy. The weighted bootstrap is quite general and encompasses, among
others, the Bayesian bootstrap (Rubin, 1981).

If, in addition to the conditions in Theorem | of the main text, we assume sup,c, |f3 ()| <
oo and A = lim,, fy(y) < oo, B = limyy, fy(y) < oo with min{A, B} > 0, then Theorem
7 in Alvarez-Andrade and Bouzebda (2013) indicates that [fpﬁ VT (Qy (u) — Qy(u))PR(u)du] is
strongly approximated by the integral of a Gaussian process that is identically distributed to the
strong approximation of the term v/Thf(6,) obtained in the main text. Specifically, inspection of
the proof in Alvarez-Andrade and Bouzebda (2013) reveals that there exists a sequence of Brownian

bridges {Bn}neN, where each B,, is independent from Y;,Y5, ... Y, such that, as T, R — oc:
14



- A 1

’ ) —Qy(u Ruu—l5 u) — U By)————Bpdu| = ogn/v/n
[ VT ) = @ )PP — [T ) = Gy ()P (0) s B Ologn/ V).

2

It thus follows by Markov inequality that:
1

: l 7y (@r ()

for every € > 0. Since the Brownian bridges are independent from the data, the conditional

Bndu > €

2

Y17~-~7YT :Op(1>7

[ V@)~ Qv )P — [ VT@y ()~ Gy (w)Pw)

convergence justifies the use of the weighted bootstrap to approximate the distribution of Ar.
Indeed, given consistent estimators of 6y an {1z, we can approximate the distribution of Ay by
generating a large number of simulations of the {Z;}_, and computing, for each simulation, the
quantile function of the resulting weighted cdf. The distribution across simulations can then be

used to approximate the distribution of the Ar.

APPENDIX H. INFERENCE BASED ON BAHADUR-KIEFER REPRESENTATION

In this Appendix, we discuss how we can conduct inference by relying on a Bahadur-Kiefer
representation. We first state the result of Kiefer, in the iid context, as extended by Csorgo and
Revesz (1978).

Theorem H.1 (Bahadur-Kiefer, Csorgo and Revesz (1978)). Let Y1,Y>...Yr be an iid sequence
of random variables with a continuous distribution function F' which is also twice differentiable
on (a,b), where —oo < a = sup{z : F(z) = 0} and b = inf{z : F(2) = 1} < co. Suppose that
F'(z) = f(2) > 0 for z € (a,b). Assume that, for v > 0:

f'(z)
f*(z)
where f denotes the density of F. Moreover, assume that f is nondecreasing (nonincreasing) on
an interval to the right of a (to the left of b). We then have that

sup F(z)(1— F(z))

a<z<b

— Y

Sp [F(Qr()VT(Qy (u) = Qu(w) = VT(Fy (@ () = F(Qy(w)| 3)
as. O(T_1/4(10g T)l/?(log logT)%) ‘

The result above could be used as the basis for an inferential procedure — as well as for the

computation of the optimal weights Q%. Indeed, we note that, under the assumptions on the
theorem above, F(Qy (u)) = u and Fy (Qy (u)) = %ZL 1{U; < u}, where the U; := F(Yr) are

éu)ﬁdu < o0. Then, using the representation

iid uniform random variables. Suppose that ff O
of the theorem above in the asymptotic linear representation (9) in the main text and applying

Bessel’s inequality, we get:
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VT (0 — 6) =

_(VQ,hR(QO)'QRVQ/hR(QO)) IVQ/hR PR(U)dU + OP*(l) )

(4)

where the distribution of the leading term is known (it could be simulated by drawing 7" indepen-

/\/_FY v (u) = Fy(Qy(u))
Sy (Qy(u))

dent Uniform[0,1] random variables many times) up to 6.

There is a sizeable literature on Bahadur-Kiefer representations in the context of dependent
observations (see Kulik (2007) and references therein). Nonetheless, in the context of dependent
observations, it would be more difficult to use (4) as a basis for an inferential procedure, as in this
case there would be dependence between the U; := Fy (Y;) uniform random variables entering the
empirical cdf. For that reason, our focus in this section is on the iid case.

Finally, to show the validity of our approach to inference based on drawing uniform random

variables, we note that, under a Bahadur-Kiefer approximation, we have that:

_1/2\/—(0T . 00 Zf + op

where Vr g is the variance of the leading term of the Bahadur—Klefer representation, [ tR ’T] =0
and V [\/LT Z; f ’T] = 1. In the iid context, it is immediate that the conditions of Lindeberg’s
CLT for triangular arrays (Durrett, 2019, Theorem 3.4.10) are satisfied, from which it follows that

_1/ HAVT (07 — 6)) 4N (0,T4).° Observe that as a byproduct of such convergence, we obtain that
the Kolmogorov distance between the distribution of ﬁ(é’} — 0y) and that of the leading term of
the representation (3) goes to zero, analogously to the result in equation (15) in the main text.
This result justifies our approach to inference.

We collect the discussion of this section in the next corollary.

Corollary H.1. Suppose Assumptions 1-8 hold. Moreover, suppose a Bahadur-Kiefer repre-
sentation such as (3) is valid; and that fp Wdu < oo. Then, as T,R — oo, the ap-
prozimation (4) holds. In addition, under the conditions of Theorem H.1, Fy(Qy(u)) = u and
Fy(Qy(u) = %Zthl {U; < u}, where the {U;}L, are iid Uniform[0,1] random variables. More-
over, under the previous assumptions, and as T, R — oo, VTi}z/Q\/T(éT — 6o) LN N(0,T,), where
Vr.r is the variance of the leading term in (4); and a bound analogous to equation (15) in the main
text holds.

In the dependent case, even though it is not feasible to leverage the Bahadur-Kiefer representation directly for
inference, it is possible to adopt it to establish, under (possibly) additional assumptions, weak convergence of the
estimator, by verifying the conditions of a CLT for triangular arrays under dependent data. For example, in the
stationary mixing case, one could verify if the conditions of Theorem 4.4 in Rio (2017) hold.
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Remark H.1 (Optimal choice of weighting matrix under Bahadur-Kiefer approximation). It
should be noted that the optimal choice of weighting matrix under the Bahadur-Kiefer repre-
sentation coincides with (16) in the main text. This is due to the fact that both the Brownian

bridge and empirical distribution process share the same covariance kernel.

Remark H.2 (Distribution of the overidentifying test statistic in Remark 6). Note that we could
use the distributional results in this section to compute the distribution of the test statistic in

Remark 6 in the main text under the null.

APPENDIX I. ASYMPTOTIC EFFICIENCY

In this Appendix, we analyse whether our L-moment estimator is asymptotically efficient. We
consider the case where 0 = p < p = 1, since in this case all information on the curve is used;
for simplicity, we also focus on the iid case. In this setting, we will say our L-moment estimator
is asymptotically efficient if its asymptotic variance coincides with the inverse of the Fisher infor-
mation matrix of the parametric model. Unless stated otherwise, we work under Assumptions 1-8

and those of Corollary H.1. To proceed with the analysis, we introduce the alternative estimator:

Or € argmingee ) > (Qv(i) — Qv (il0))ri; (Qv () — Qv (416)), ()
i€Gr jeGr
for a grid of Gy points Gr = {¢1,92,...,9c,} € (0,1) and weights x;;, i, € Gr. This is a
weighted version of a “percentile-based estimator”, which is used in contexts where it is difficult
to maximise the likelihood (Gupta and Kundu, 2001). It amounts to choosing € so as to match a
weighted combination of the order statistics in the sample.
Under regularity conditions similar to the ones in the main text,” the estimator in (5) admits

the following asymptotic linear representation as 7" — oo and Gr — oo at a rate:

ﬁ(éT - 00) = _(aQ,GTRGTéQGT>_1@Q/GTRGTﬁQGT + Op(l) ) (6)

where Qg = Qg (0) = (@Y(gl) — Qy(91/60), - - - 7QY(9T) — Qy(9r|6h))’; 0Qq, is the Jacobian
matrix of Q¢, (0) evaluated at 6y; and K¢, is the matrix containing the &; ;. Using the Bahadur-

Kiefer representation (assumed by Corollary H.1), we arrive at:

\/T(QNT - 90) = _(aQ/GTK’GTaQGT)_laQ/GTK’GT [f_l * ﬁFGT + Op(l) ) (7)

where we define Fg, = (Fy(Qv (1)) — Fy(Qy(91)), -, Fyv(Qv(96.)) — Fr(Qv(96,))); F' =
(1/fy(Qy(g1)),---,1/fy(Qy(gr))); and x denotes entry-by-entry multiplication.
For a given Gr, representation (7) yields the following choice of optimal weighting matrix,

k* = V[f ' % VTFg,]™"; and this implies that the variance of the leading term of (7) under such

"We omit these conditions for brevity, but we note that, using the notation in (6), since we assume ||[vT Qg [|oo =
Op(1) (implied by Assumption 6), it is crucial that ||0Qg, kllcc = Op(1), where [|-||o is the operator norm induced
by the vector norm. This condition can be shown to hold for the optimal choice of weights described below under
some conditions. We also require a restriction on the growth rate of G so as to control the error of a mean-value
expansion of increasing dimension.
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choice is V* = (8Q’GTmGT8QGT)_1. But, if we take the grid Gr as {ﬁ, #, ce %}, it

follows from Lemma C.1. in Firpo et al. (2022) that:

V* = ((0Qa, * (15® £)) S5, (0Qc, * (1;© )7,
where
(26;)92'793' = ]l{gi:gj}2(GT + 1) - <ﬂ{gi:gj+1} + ]l{gi:gj—1})(GT + 1) .
It then follows that, for di,ds € {1,2...,d} :
(), =

d1,d2

(Gr+1) ZT: fr(Qy(9:))9a, Qv (9:il0o) [fy (Qy (9:)0a, Qv (9il60) — fv (Qy (gi-1)0a, Qy (gi|00)]
Gr—1 8)

—(Gr +1) Z fy(Qy(9:))9a, Qv (9il0o) [ fy (Qy (9i+1)0a, Qv (9:100) — fv(Qy (9:)0a, Qv (9i|00)]
+(Gr + D) (fy(Qv(91)))?a, Qv (91100) 02, Qv (91160)
+(Gr + D)(fy (Qy (96,)))* 00, Qv (96.:100) 04, Qy (9 100) -

Assuming the tail condition:®

lim (fy (Qy (u)))?*d4, Qy (u]0o)Da, Qy (ulfo) + (fy (Qy (1 — u)))*d4, Qy (1 — u[00)a, Qy (1 — ul6y)

u—0 u

=0, (9)

leads to the last two terms of (8) being asymptotically negligible as 7" — oo. If we further assume
the u — fy(Q(u))ds, Qy(u|by) are differentiable uniformly on (0, 1), it follows from Riemann

integration that:

d[fy(Qy (v))04,Qy (v|0)]

lim (V*1)

T—o0

_ / d [fr (Qy (v))0a, Qy (v]6p)]

But then, from the relation:

Fy(Qy(ulf)]0) =u = fy(Qy(u]0))0aQy (u]d) = —0sFy (Qy (u)|0) ,

it follows, by exchanging the order of differentiation:

d[fy(Qy(v))0a, Qy (v[0)] _ 9 dQy (v) _
= —04 | [y (Qy(u)|0) - =

dU v |: dU v:u:| 6=,
04y (Qy () ) - o

fr( @y ()’

and, using the quantile representation of a random variable, we conclude that:
: *—1
:Ilggo (W )dl,dg = (1(00))d1,d2 J

8A similar tail condition is considered in a working paper version of Firpo et al. (2022).
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where I1(0) = E[Vglog(f(Y|0))Ve log(f(Y]0))] is the Fisher information matrix. We have thus
shown that, under the proposed grid and optimal weights, the asymptotic variance of the leading
term of the first order representation (7) of estimator (5) converges to the inverse Fisher informa-

tion. We summarise this point in the lemma below.

Lemma 1.1. Consider the estimator (5). Assume that representation (7) holds. If, in addition,
the tail condition (9) and the uniform differentiability condition in the text holds; then the variance

of the leading term of representation (7) converges to the inverse Fisher information.

How does the previous estimator relate to our L-moment estimator? Notice that, if the { P }en
form an orthonormal basis on L?[0, 1], then, for X € L?|0, 1]:

X(u) = fj ([ xemeis) rw.

Therefore, since {Qy(:|0) : 6 € ©g} C L?[0,1],” we have:

D Qv () — Qv (il0)K];(Qv (i) — Qv (jl0) =

i€Gr JEGT
kf;i: [/Ol(Qy(U) - Qy(UIG))Pk(U)dU} Rkl {/Ol(Qy(U) — Qv (ul0)Fi(u)du| = AF(0) ,

which shows that the optimal estimator we described is a generalised L-moment estimator which
uses infinitely many L-moments and suitable weights &y, = >,c0 > icq, Pr(i)si;F(j). Con-
sider an alternative L-moment estimator that uses only the first R L-moments and weights kKr =
(Rij)ij=1,.r- Denote the estimator by O, and its objective function by AR(9). Tt can be shown
that, for an identifiable parametric family and ||&||s = O(1), Vo AR (07) = VoA (07) + 0, (T1/2).
This shows that the estimator admits the same first order representation as (7); and from the pre-
vious lemma we know the variance of the leading term of this representation converges to ().

t.! But then, since the optimal weights (16)

It thus follows that Op is asymptotically efficien
minimise the variance of the leading term in (4) (recall Remark H.1), we conclude that they too
must, asymptotically, yield a variance equal to (). This shows that the generalised L-moment
estimator is efficient, in the sense that its asymptotic variance coincides with I(6y)~1.

We collect the discussion of this section in the corollary below:

Corollary I.1. Suppose the conditions of the previous lemma hold. Suppose the { P }ien consti-
tute an orthonormal basis. Consider the estimator Or defined in the main text. Suppose that
Assumptions 1-8 and those of Corollary H.1 hold with W = QF = k. We then have that, for

9This is implied by Assumption 4.
106t W denote the variance of the leading term of representation (4) of the estimator ¢. By weak convergence

(the last part of Corollary H.1) and Fatou’s lemma, it follows that liminfr_, f’(\I/Tl/QMT\I/;l/2 —I;)¢ > 0 for
any & € R?, where limp My = I(6p)~". Tt then follows that limy_, o U7 = I(fp)~", from which we conclude that 6
is asymptotically efficient.
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an identifiable parametric famaly:

lim Vg = I(6)7 ",

T,R—00

where V7, is the variance of the leading term of (4) under the optimal choice of weights, i.e.
Vig = (Vo h"(00) Ve h™(0o)) ™", where Qf, is given by (16).

Remark I.1 (Related estimators). Similarly to (5), we can show that estimators based on min-

imising the objective functions:

W(6) = / w(w)(Qy () — Qy (ul0))*du .
’ (10)

w(0) ::/0 /0(Qy(U)—Qy(uw))wwv)@y(v)—Qy(vle))dvdu,

are also L-moment-based estimators which use infinitely many L-moments. A similar argument
as the one in this section then shows that our generalised method of L-moments estimator under
optimal weights will be at least as efficient as estimators based on minimising (10). However, given
that we are able to control the number of L-moments used in estimation in finite samples, it is

expected that our method will lead to nonasymptotic performance gains.

APPENDIX J. MONTE CARLO EXERCISE: ADDITIONAL RESULTS

J.1. Results for linear combinations of parameters. In this Appendix, we revisit the data-
generating processes of the Monte Carlo exercises in Section 4 of the main text, but now consider
linear combinations 8’6y, 6 € R?, as the target parameters. Specifically, for a given L-moment-
based estimator éR and linear combination § € RY, the relative RMSE, vis-a-vis the MLE, is given
by:

R El(§00 — 5600)2 HEN(Op — N _ /
RRMSE(5, 0) = \/ [(00r — 0'00)?] \/ O"(E[(0r — 60)0r — 00)']0 7
E[((S’QMLE — 5/90)2] 5/E[(9MLE - 90)(9MLE - 90)/])5
Since we have no direct interest in any particular linear combination &, we consider the relative
RMSE under the most and least favourable values (directions) of . These are defined, respectively,

as:
RRMSE(fz) .= min RRMSE(S,0z) =
———————  5eR4:5£0
\/)‘min(E[(éMLE - 90)<éMLE - 80)']_1/21[":[(@}% - 00)(éR - 90)']E[(éMLE - 90)(éMLE —00)']71/2)

RRMSE(fg) = nax RRMSE(J, 05) =

\/)\max(E[(éMLE - 90)(éMLE - 90)']_1/2E[(éR - (90)(91% - HO)I]E[(éMLE - 90)(éMLE - 90)']_1/2)
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Tables J.1 and J.2 report the relative RMSE of the four estimators considered in the main
text, under the most and least favourable directions d, with the choice of R that minimizes the
most (least) favourable-RMSE (this choice is reported in parentheses), respectively in the GEV
and GPD exercises. Values above 1 indicate that the MLE outperforms the L-moment estimator,
under the stated choice of R, in the corresponding (most or least favourable) direction. In the
GEV design, two-step L-moment estimators are able to offer improvements over the MLE in the
most favourable directions in smaller samples sizes (with RMSE improvements of nearly 8%),
while severely mitigating losses of first-step estimators in the least favourable directions. Indeed,
first-step estimators in the GEV exercise perform quite poorly in the least-favourable direction,
especially in the largest sample size, with root-mean-squared errors over 25% larger than the MLE.
In contrast,the caglad two-step estimators has RMSE only 1.3% larger than the MLE in the least
favourable direction and largest sample size.

Similarly to the main text, in the GPD design, first-step and two-step estimators perform well
relatively to the MLE, in both the most and least favourable directions, even in the largest sample
size. Gains of the L-moment approach can reach 16% in the smallest sample size and most-
favourable direction (4% in the smallest sample size and least favourable direction). Finally, we
observe that, consistent with our theoretical results, the MSE-minimising number of L-moments
for two-step estimator increases with sample size when we consider the least favourable direction,
in both designs.

TABLE J.1. GEV : maximal and minimal relative RMSE for linear combintations
of parameters (MSE-minimising choice of R)

Most favourable & Least favourable ¢
T=50 T=100 T=500|T=50 T= 100 T= 500
Caglad FS 0.957  0.993 1.000 1.077 1.142 1.253
(3) (3) (5) (3) (3) (3)
Caglad TS 0.922  0.966 0.999 1.032 1.016 1.013
(11) (11) (3) (4) (5) (30)
Unbiased FS | 0.929  0.970 0.995 1.113 1.172 1.259
(3) (5) (5) (3) (3) (3)
Unbiased TS | 0.928  0.969 0.994 1.037 1.013 1.018

(3) (3) () () (7) (20)

J.2. Comparison with trimming approaches. In this Appendix, we compare our L-moment-
based approach with maximum likelihood estimators that attempt to control the influence of
extreme observations. We consider two approaches. In one of the approaches, we first estimate
the model parameters via MLE, here denoted by . We then discard (trim) those observations Y;
such that Y; > Q(1 — e|9~), where € is a trimming proportion parameter. We then reestimate the
model via MLE in the restricted set. We label this approach “trimmed MLE”.' We also consider

HOur trimmed MLE approach may be seen as a one-step approximation to more complex trimming approaches
where the indices of the discarded observations and the model parameters 6 are simultaneously estimated (e.g. Hadi
and Lucerio, 1997; Awasthi et al., 2022).
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TABLE J.2. GPD : maximal and minimal relative RMSE for linear combintations
of parameters (MSE-minimising choice of R)

Most favourable & Least favourable ¢
T=50 T=100 T=500|T=50 T= 100 T= 500
Caglad FS 0.895 0.931 0.988 1.004 1.004 1.004
(6) (4) (4) (3) (3) (6)
Caglad TS 0.874  0.912 0.977 | 0.996 1.001 1.002
(3) (3) (3) (3) (3) (7)
Unbiased FS | 0.838  0.902 0.980 | 0.960 0.982 1.000
(6) (4) (3) (3) (3) (7)
Unbiased TS| 0.838  0.878 0.962 | 0.960 0.977 0.997

(3) () B4 | 2 (1) (38

an alternative, “tilted MLE” approach (Choi et al., 2000), that seeks to find # by maximizing the
following quantity over ©:
T
sup Y pilog(f(Yil0)),
(0)i€Pe =1

where P, is the subset of the simplex AT=! such that Dgp((p:)i|[(1/n);) = —log(1 — €), with
Dk ((ps)i||(1/n);) denoting the Kullback-Leibler divergence of the uniform distribution on the
indices {1,2...,T} from the distribution (p;)2_; over {1,2...,T}. The estimator amounts to
running the MLE in a “reweighted” dataset, where the weights are chosen in order to minimize
the KL divergence of the model from the (reweighted) data, subject to the constraint that weights
are not far astray from the untilted empirical distribution. As argued by Choi et al. (2000), in
the context of a data contamination model, the parameter € € [0, 1) amounts to the proportion of
observations allowed to be corrupted, i.e. that do not follow the parameteric model fy of interest.

Tables J.3 and J.4 replicate the results for the Caglad TS estimator under the MSE-minimizing
choice of R presented in Tables 1 and 2 in the main text, and compare it with the trimmed and tilted
MLE approaches. For the trimming/tilting proportion €, we consider values € € {0.1,0.01,0.001}.
For the tilted MLE, we also report in parantheses the percentage of cases where the method for
finding the estimator proposed in Choi et al. (2000) did not converge. We observe that the trim-
ming approach never compares fabourably to the Caglad TS estimator under the MSE-minimizing
choice of R. As for the tilted MLE, it is able to compete with the Caglad TS estimator for some
combinations of tail quantiles and sample sizes, under a suitable choice of e. However, it is impor-
tant to note that the competitiviness and overall performance of this method is very dependent
on the trimming fraction e. For example, in the GEV design with 7 = 0.999 and 7" = 500, the
relative RMSE changes from 1.6% with € = 0.1% to 76.9% when € = 1%. Such sensitivity limits
applicability of this approach in these designs, especially since, to the best of our knowledge, there
does not exist any method to tune the tilting proportion € with an aim to obtain RMSE gains over
the MLE. '?

2Choi et al. (2000) propose a heuristic to select e which consists in computing the QQ-plot that compares the
reweighted empirical quantiles with the parametric quantiles obtained from the trimmed MLE estimator. The
22



TABLE J.3. GEV : comparison with Trimmed and Tilted MLE methods

T =50 T =100 T =500
7=05 7=09 7=099 7=0999|7=05 7=09 7=099 7=0999|7=05 7=09 7=099 7=0.999
Caglad TS 1005 0960 0818  0.692 | 1003 0981 0910  0.840 | L.004 0.998 0990 0979
(12 ©) ®) () 1 G () () (300 (4 (90) (90)
Trimming 10% | 1.193  2.177 1505  0.886 | 1.374 3.033  2.367  1.619 | 2266 6.677 5847  4.548

Trimming 1% 1.005  1.093 1.020 0.950 1.006  1.169 1.075 0.931 1.013  1.723 1.813 1.645

Trimming 0.1% | 1.000  1.006 1.003 1.000 1.001 1.019 1.015 1.004 1.002 1.053 1.063 1.037

Tilting 10% 1.846 2.258 1.223 0.736 2.428 3.296 2.000 1.273 4.886 7.573 5.224 3.799
(38%) (38%) (38%)  (38%) | (31%) (31%) (31%)  (31%) | (28%) (28%) (28%)  (28%)
Tilting 1% 1.110 1.136 0.818 0.687 1.242 1.466 1.036 0.792 1.922 2.936 2.231 1.769

G%) 6% 6% 6% | A% (1% (%) %) | %) (%) (0%  (0%)
Tilting 0.1% 1.005 0.961 0.880 0.844 1.026 1.018 0.905 0.852 1.133 1.335 1.137 1.016
4%)  (4%) (%) 4% | A% %) (%) a%) | (%) (%) (0%  (0%)

TABLE J.4. GPD : comparison with Trimmed and Tilted MLE methods

T =50 T =100 T = 500
7=05 7=09 7=099 7=0999 |7=05 7=09 7=099 7=0999|7=05 7=09 7=099 7=0.999
Caglad TS 0.959  0.981 0.822 0.649 0.978  0.987 0.899 0.837 0.995  0.997 0.980 0.969

3) (2) 3) (2) 3) 3) 3) 3) G) (100 (3 (100)
Trimming 10% | L.OSI 2162  1.558  0.767 | 1172 2972 2364 1475 | 1.651 6471  5.614  3.984

Trimming 1% 1.031 1.092 1.053 0.949 1.029 1.167 1.138 0.929 1.047  1.716 2.002 1.751

Trimming 0.1% | 1.000  1.001 0.999 0.998 1.008  1.010 1.016 1.000 1.018  1.048 1.101 1.063

Tilting 10% 2.171 2.497 1.215 1.054 3.088 3.517 1.841 1.037 6.902 7.843 4.497 2.851
(12%)  (12%) (12%)  (12%) | (6%) (6%)  (6%)  (6%) | %) (%) Q%)  (2%)
Tilting 1% 1.054 1.204 0.835 0.725 1.333 1.505 0.981 0.762 2.554 2.985 1.875 1.323

(1%) (1% (%) (1%) | (0%)  (0%)  (0%) 0%) | (0%)  (0%)  (0%) (0%)
Tilting 0.1% | 0.907  0.984 0910 0910 | 0.988 1.020 0917 0875 | 1.226 1352 1076  0.954
B%) (%) (3% B%) | (0%)  (0%)  (0%) 0%) | (0%) (0%)  (0%) (0%)

J.3. Results on confidence interval coverage and length. In this section, we study the
coverage and length properties of confidence based on the normal approximations derived in the
main text. We work in the same setting of the Monte Carlo exercise of Section 4 in the main
text, where the goal was quantile estimation. We focus on the behaviour of the Caglad two-step

estimator.

J.3.1. GEV design. To begin understanding the quality of the normal approximations derived in
the main text, we analyse the coverage and length properties of confidence intervals based on

normal critical values and the true sampling variance of the estimators. Specifically, we study

confidence intervals of the form Q(7]6) £ 1/V[Q(7|0)qz(1 — (1 — 3)/2), where § is the nominal
coverage level, gz (u) is the u-quantile of a standard-normal distribution, and V[Q(7]6)] is the true
sampling-variance of the plug-in quantile estimator, which we recover from the Monte Carlo draws.
We consider the case § = 0.95.

tilting proportion € should then be chosen so as to make the QQ-plot “close” to the 45 degrees line. Their heuristic
is motivated by data corruption concerns, though, and not RMSE reductions. Indeed, notice that, inasmuch as
parametric tail quantile estimators offer MSE improvements over nonparametric empirical quantiles, one would
expect differences between these estimators.
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Figure J.1 reports, in blue, the coverage of the confidence intervals based on the Caglad two-step
estimator, for different values of R. In red, we also report the coverage of MLE-based ClIs that use
the true sampling variance and normal critical values. The nominal level § = 0.95 is presented
as a black horizontal line. As one can observe, coverage of the L-moment-based Cls is close to
the nominal level for every combination of sample size and target quantile, suggesting that the
strong approximations derived in the main text offer a good approximation to the designs at had.
Moreover, and consistent with our theoretical results that do not impose any restrictions on the
growth rate of R in the derivation of the normal approximations, coverage is constant across the
values of R. The MLE-based CIs also have coverage very close to the nominal in all sample sizes
and target quantiles.

Figure J.2 reports how the length of the CIs based on the true sampling variance changes
with different values of R. Length is reported as a proportion of the length of the MLE-based
CIs, meaning that values above one indicate that the L-moment-based Cls are larger than those
based on the MLE. As expected from our efficiency results, the length-minimising choice of R is
always competitive with the MLE, offering substantial improvements in length for smaller sample
sizes/more extreme quantiles, and working as well as the MLE in the largest sample size.

Next, we analyse the behaviour of feasible versions of the above Cls that rely on estimators of
the asymptotic variance. For the MLE, we rely on a delta-method approximation combined with
an estimator of the asymptotic variance of Orirr based on the Hessian of the objective function.
For the two-step Caglad estimator, we rely on the delta-method-type result in 2 to estimate the

variance V[Q(7|0z)], as:

V[Q/(ﬂ\ég)] _ VQQ(TWR)/;{VGQ(T'OR) 7

where V is an estimator of the asymptotic variance of the optimally-weighted estimator 6 Rr, Which

is given by:
-1

v =lor) = (( [ Voatitmpetoran) on [ Putovicuiinyad))

with Qg the estimator of the optimal weighting matrix used in the minimization of Op.

Figure J.3 presents the coverage of the feasible Cls that rely on estimators of the asymptotic
variance. We see that, in the largest sample size (7' = 500), coverage is close to the nominal
level for all target quantiles. Coverage is also quite close to the nominal level in sample sizes
T = 50 and 7" = 100 at the median (7 = 0.5). However, in samples 7" = 50 and 7" = 100, as
we move further into the tails, coverage tends to deteriorate for both the MLE-based as well as
the L-moment-based Cls. In these settings, the L-moment-based CIs undercover more than the
MLE-based Cls, in some cases by a small margin, but with especially large differences at the two
tailmost quantiles (7 = 0.99 and 7 = 0.999) in the smallest sample size (7' = 50). Finally, we note

that, for a given T and 7, coverage is insensitive to the choice of R.
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In order to better understand the drivers of undercoverage at the tails in smaller sample sizes,
we report, in Figure J.4, the median-length of the feasible CIs. We normalize these lengths by the
length of the unfeasible MLE-based CI that relies on the true sampling-variance. By observing the
red lines, we note that the feasible MLE-based Cls understate the true sampling variance at the
tails in smaller sample sizes, as the red line in these cases can be substantially below one. Similarly,
by comparing the blue lines in Figure J.4 with the corresponding blue lines in Figure J.2, we see
that the feasible CIs based on the Caglad estimator share a similar pattern, understating the true
length of the unfeasible Caglad-based CIs in the extreme quantiles of smaller sample sizes.

To understand how much the understatement of the correct sampling variance contributes to
undercoverage of the feasible confidence intervals in smaller sample sizes and extreme quantiles,
we present, in Figure J.5, the coverage of unfeasible confidence intervals that, while still relying
on estimators for the variance, rescale these by the amount of underestimation verified in the
previous discussion.'®> We focus on sample sizes T < 500 and quantiles 7 > 0.5. We note that,
except for the smallest sample size and more extreme quantile, rescaling the variance estimator
so that, on average, it correctly assesses sampling uncertainty does not seem to substantially
improve the coverage of confidence intervals. This suggests that other elements are at play in
driving the undercoverage. One obvious candidate is correlation between the variance estimator
and the estimator for the target quantile, which, in smaller samples and more extreme quantiles,
may generate a non-normal reference distribution for the test that is inverted to construct the
confidence interval.

To remove the effect of this correlation and improve coverage of the Caglad-based CI, we suggest
a simple procedure based on our strong approximations. First, we note that the feasible CI is based

on “inversion” of:

¢ = QUlOn) — Qi) _ s Q(rl0n) — Q7o)

V[Q(]6R)] \/ VoQ(7|0r)'V VeQ(T|0R)
Now, performing a first-order Taylor-expansion on t in terms of O separately in the numerator
and in the variance estimator that enters the denominator, and leveraging the strong approximation

of VT (éR — 6p) in the main text suggests the following distributional approximation:'*

g VTVQ(7]60) Zr
V' VoeQ(7100)VVeQ(T]60) + 2VeQ(7|00)'V Voo Q(7100) Zr /T
where Zp ~ N(0,V), with V = V[éR]. Notice that this approximation captures correlation

between the numerator and denominator, as Z; appears in both terms. By replacing 6, and V'

13Guch unfeasible rescaling may be seen as “a best case” scenario for feasible strategies that attempt to “bias-
correct” the standard error estimator, e.g. Welch-style corrections (e.g. Welch, 1951; Belloni et al., 2012; Imbens
and Kolesdr, 2016), or variance estimators based in higher-order expansions such as those presented in Appendix
K.1 for the generalised L-moment estimator.

14 our expansion, we explicitly do not expand V in terms of Az, because estimation error in V does not seem to
be at the source of undercoverage in smaller sample sizes, given that the feasible Cls perform well at the median
even in the smallest sample size.
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with estimators and simulating Z7, one may estimate the quantiles of E which can then be used

to construct confidence intervals of the form:

Q(7l0r) — g;(1 — (1= B)/2)\ VIQ(7108)], Q(716r) — ¢:(T — B)/2)V VIQ(7|0r)]

Figure J.6 reports the coverage of our feasible corrected L-moment confidence intervals in blue.

2l a0

We compare these with the coverage of the feasible uncorrected MLE confidence interval (in red).
We note that our correction substantially improves coverage in those settings wherein the uncor-
rected Cls would most undercover. Except at 7 = 0.999 and T = 50, coverage of the resulting CI
is quite close to the nominal level. For the case 7 = 0.999 and T" = 50, coverage of the corrected
CI becomes quite close to the uncorrected MLE, whereas previously the uncorrected Caglad CI
undercovered by a larger margin. The remaining undercoverage in this case can be removed by
“bias-correcting” the Cagldd-variance estimator — e.g. by estimating the higher-order variance
of our estimators by leveraging the higher-order approximations in Appendix K (implemented,
for example, via Algorithm K.1)— as the remaining amount of undercoverage corresponds to the
improvement of rescaling over the feasible uncorrected ClIs reported in Figures J.5.

To understand how much is the increase in length imparted by our correction, the blue lines in
Figure J.7 report the median relative length (vis-a-vis the unfeasible MLE-based CI that relies on
the true sampling variance) of our corrected CIs. We also report the relative length of the uncor-
rected MLE-based Cls (red solid lines) and, for comparison, the relative length of an unfeasibly
corrected MLE-based CI that uses the true quantiles of the sampling distribution of the t-statistic
inverted in the construction of the confidence intervals (red dotted lines). The latter may be seen
as a best-case scenario for the length of feasible corrections to the MLE that attempt to estimate
the approximation to the distribution of the ¢-statistic. The benefits of our approach are clear: in
four out of the five settings where our corrected L-moment-based CIs display coverage close to the
nominal level, length is always below the length of the unfeasibly corrected MLE. The exception is
the case T'= 100 and 7 = 0.99, where length is on average 5 relative percentage points above the
unfeasibly corrected MLE. Note, however, that one would expect such differences to vanish, or even
revert, once we consider feasible corrections for the MLE, since this would introduce estimation
error into the quantiles.

In the case where coverage of our correction is close to the uncorrected MLE (7 = 0.999 and
T = 50), length of our corrected L-moment-based CIs is below both the uncorrected and feasibly

uncorrected MLEs. This is also true at 7 = 0.9 for the length-minimising choice of R.

J.3.2. GPD design. Figures J.8 to J.14 report the preceding analyses in the GPD design. Overall
patterns are similar to the GEV design. There are two important differences, though. First, in
those settings where the feasible (uncorrected) MLE and L-moment-based Cls undercover, they
undercover by a similar margin, even in the smallest sample size and tailmost quantile (see Figure
J.10). This is different from the GEV design, where the L-moment CI undercovers by more than

the MLE, especially in the smallest sample size and tailmost quantile. Secondly, we note that,
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in Figure J.14, our proposed feasible correction to the L-moment CIs never underperforms the
unfeasibly corrected MLE, with the blue solid line always below the red dotted line. In contrast,
this happens in one of the six cases considered in the GEV design, though, as we discussed in the
preceding section, we expect these differences to disappear once we consider a feasible correction
to the MLE CI.

1=05 =09 1=0.99 1=0.999
o o o )
— — N N
o | o o | @ |
5] 5] 5] S
o @ | o @ | o © | o © |
g° g° g° g °
E g g 2
S~ S~ 3~ 3~
O o O o O o O o
© © © ©
S S S S
— MLE — MLE — MLE — MLE
o | — CagldTs o | — caglad TS o | — caglad TS v | — caglad TS
° T T T T T e T T T T T ° T T T T T N T T T T T
10 20 30 40 50 10 20 30 40 50 10 20 30 40 50 10 20 30 40 50
R R R R
(A) T =50
=05 =09 1=0.99 1=0.999
< < = =
- - s s
o o o @
o c S S
o @ | o © | o © | o © |
g o g o g o g °
9] 5] 5] 5]
3~ 3~ 3 ~ 3~
O o O o O o O o
© © © ©
S S S S
— MLE — MLE — MLE — MLE
v — Cagld TS v — caglad TS v — caglad TS v — caglad TS
©k T T T T T ©k T T T T T © b T T T T T ©k T T T T T
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
R R R R
(B) T =100
=05 =09 1=0.99 1=0.999
o ] o ] o ] S
- - - -
o ) ) @
S S S S
o @ o ® o © o @©
gs7 g5 g5 g5
S g 2 2
3~ 3~ 3~ 3~
O o O o O o7 O o
© © © ©
S S S S
— MLE — MLE — MLE — MLE
w | — Caglad TS ] — Cagld TS ] — Cagld TS | — cagld TS
ok T T T T T ok T T T T T ok T T T T T S T T T T T
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
R R R R

(¢) T =500

FiGure J.1. GEV: coverage of confidence intervals based on the true sampling
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APPENDIX K. DETAILS ON SELECTION METHODS

K.1. Higher order expansion of the generalised L-moment estimator. In this section, we
derive a higher order expression for the L-moment estimator in Section 3 of the main text. Our

goal is to derive a representation of the estimator as follows:

ST —oy—or + 92 95 ~3/2
T(0r — 00) = O] + 2+ 7+ 0p(T™%), (11)

for tight sequences of random variables O, ©F ©I'. Under uniform integrability conditions on

of, 6 O and the remainder, representation (11) allows us to write:

o\ — BV — v 9 L OF\ (or. 05 6eFY s/
E[T (07 — 0)(0r — 0)'] = E @1+ﬁ R @14'\/7 T +0(T™7), (12)
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which may be used as a basis for a method of selecting R, provided the expectation on the right-
hand side is estimable.'® The idea would be to choose R so as to minimise a linear combination
of an estimator of the expectation on the right-hand side. Alternatively, if the goal is to estimate
a scalar function of the true parameter, g(6), one could use the higher-order expansion (11) to
construct the higher-order MSE of the estimator g(éT). We return to this point in a remark by
the end of this section.

To derive representation (11) for the L-moment estimator, we assume, in addition to Assump-

tions 1-8 in the main text, the following conditions.

Assumption K.1. AsT, R — oo, PWy" and Q3 exist] — 1. We also assume that, as T, R — 0o,
Wil =Qp!' +0,(T1/2).

Assumption K.2. Qy(ulf) is five times continuously differentiable on O,for each u € [p,p].
The partial derivatives of Qy (u|f) with respect to 0, up to the fourth order, are square inte-
grable on [p,p|, for each 6 € O. For ach i,j,k,l,m € {1,2,...,p}, the partial derivatives satisfy
3°Qy (u|6)

SUPpeo SUPuefp,j] |W| < 0.

In the next proposition, we use Assumptions 1-8, K.1 and K.2 to provide a higher order expansion
of the L-moment estimator. Our proof strategy mimics that used in Newey and Smith (2004) to
derive a higher order expression for a GMM estimator with a fixed number of moments, but with

additional care to take into account that R — oo and the L-moment structure in our setting.'®

Proposition K.1. Suppose Assumptions 1-8, K.1 and K.2 are satisfied. Then (11) holds for
~ ~ N !/
B = (0’ —hR(Q)’WR) with the objects as follows:

ol = —MJIﬁm(ﬁo) ;
3 <M01\/Tm(ﬁo))j 0;M My NTm(Bo) .

J
M;! Mt
20 > (0]);0;M67 — : > (67);0;,MO5+

J J

- Z Mg ' Tm(B0))i(My ' VTm(50));0,,M (Mg 'V Tm(5)).

-1

O = My '™VWT (M — My)My*VTm(5y) —

O = —M7T(M — My)M;'eT —

where My and m are defined in the proof of the theorem.
Proof. See Appendix K.4. O

5Even if the uniform integrability conditions that allow us to write (12) from (11) do not hold, we can posit that
our goal is to minimise the MSE of the leading term in (11). This is the Nagar (1959) style approach of Rothenberg
(1984) and Donald and Newey (2001). We return to this point later on.
16Donald et al. (2009) consider the higher order expansion of a GMM-type estimator with an increasing number of
moment conditions, but their results hold for a special type of moment conditions, which inhibits direct application
of their results to our L-moment setting.
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The previous proposition yields a higher-order expansion of the L-moment estimator. Nonethe-
less, this expansion depends on two quantities whose moments may not be immediately computed:
(i) the estimation error of the inverse of the weighting matrix, (W#)~1 — (Qf)~1; (ii) moments of
the (recentered) L-moment vector, vVThf(6,). We deal with each term separately.

With regards to the estimation error of the inverse, it is possible to derive an Op-(T~') expansion
of VT ((WH)~1 —(Q%)~1), which can then be plugged onto (11) to obtain an Op.(T~3/?) expansion
in terms of quantities whose moments may be estimated. In particular, if (%)~ may be written
as a function M%(6y) (e.g. the optimal weights under a Gaussian approximation) and (W#)~!
MP (A7) for a preliminary estimator with representation v'T'(67 — ) = ITL + \1}—2% + O,(T™1) (e.g.
the L-moment estimator with identity weights or the MLE estimator), then the result can be

obtained under uniform differentiability conditions on M*(-). We state these below:

Lemma K.1. Suppose (2%)~1 = M%(6y) and that we estimate it by (W) =" = ME(0r), where O
is a preliminary estimator with representation /T (07 — 6y) = Ik + % + O,(T1). Suppose that
M*%(9) be the Rx R
matriz with entry (i,j) corresponding to the partial derivative Oy, , (MT(0));;. Suppose that
S loME0o)lI3 = O(1), iy 35119, M (60|13 = O(1) and supgeo Doy 25—, 110:5 M7 ()13
= O(1). Then the estimator satisfies:

the entries in M® are three times continuously differentiable on O. Let Osy . sn

'—2

VI(W™ = (@0 =Zh+ L

+O0,(T71),

where

=i = Za ME@B) (7T,

=1

d d
=2 = Za MP(60)(115); + 3 S 0, M%(6) (D), (111, ] -
=1 =1 j=1
Proof. The proof follows by performing a third order mean value expansion and using the assump-
tions to show the third derivative term is Op(T ). O

As for computing moments of \/ThR(GO), one may be tempted to use the strong approximations
considered in Section 3 to obtain estimates of these. Nonetheless, we argue this approximation may
not be desirable: in particular, it would imply that there is no bias in the estimation of L-moments,
whereas it is known that the latter constitutes a large part of the mean squared error of quantile
estimators (Franguridi et al., 2022). To better formalise this notion, we follow Donald and Newey
(2001), Donald et al. (2009) and Okui (2009) in defining a Nagar (1959) style approximation to

the MSE My = E | (67 + % + 95 (@ 1 9% 4 98)'| 4s th Vi + Hy, where Vp is th
e T = by, 1+ A+ 7 as the sum Vi r, where Vp is the
first-order variance of the estimator, Hy are higher-order terms, and the approximation errors

~ N ~ N ~ /
By = My — (Vr+ Hy) and Fr i=T(0r — 00)(0 — 00) — (67 + % + 5 ) (67 + % + 9 satisty
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|Er + Frls
| Hr||2

Clearly, the Gaussian approximation to the moments of /T h%(0) is not “Nagar”, as quantile

= 0,(1). (13)

estimators are generally second-order biased.

In a fully parametric setting and when the data is iid, we may use a parametric bootstrap
approach to directly estimate Mp. Indeed, given a preliminary estimator 6 of 0y, we may draw
random samples with 7' observations from Fj and use these to simulate v/Th%(6), which can then
be used to approximate ©, O, and ©3. One then averages the simulated quadratic form over
simulations to estimate Mp. Differently from a Gaussian approximation, this approach immedi-
ately incorporates higher-order biases, as the simulated approximation to \/ThR(QO) will generally
have non-zero mean. Importantly, however, such approach is limited to the iid setting (or, more
generally, settings where the sampling mechanism is known). It is not immediately extended to
semiparametric settings either, as in these cases the distribution of the data is not fully specified.!”
Given these limitations, it is important to consider alternative approaches to approximating mo-
ments of v/Th%(6y).

To circumvent the limitations in the previous paragraph, one could follow the approach used in
the weighting matrix and try to find an O,(T~3/2) expansion of vVTh%(f) in terms of estimable
terms, which could then be plugged onto (11) to obtain a “feasible” O,(T~/2) expansion. Higher-
order expansions of quantile estimators have long been hindered by the “non-smoothness” of the
estimation procedure. Recently, Franguridi et al. (2022) have been able to solve this problem
by casting quantile estimation as a particular case of quantile regression (Koenker and Bassett,
1978) and relying on empirical process machinery. However, their approach entails a higher-order
expansion only up to order Op(T~3/*). If one wishes to compute additional higher-order terms,
one could alternatively use the results in Lee et al. (2017, 2018), who rely on Phillips (1991)’s
heuristic — whereby a nonsmooth estimator is assumed to satisfy a first-order condition in terms
of a (nonsmooth) subgradient, which then allows a Taylor expansion in terms of the Dirac delta
function —, to obtain higher-order expansions of quantile estimators. However, as pointed out
by Franguridi et al. (2022), Phillips’s heuristic does not account for Op(T~1/2) terms stemming
from the nonunicity of quantile estimators, and these terms can have nonnegligible effects on the

higher-order bias of the estimator.

Remark K.1 (Higher-order expansions for other scalar quantities). Suppose we want to estimate
a scalar function gr(6p) of the true parameter, where we allow the function to vary with sam-

ple size. Suppose each ¢;, t € N, is four times continuously differentiable; and define the rate

173ee Appendix L.1 and Alvarez and Biderman (2024) for extensions of the L-moment approach to semiparametric
settings.
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SUPgeo D i1 2 j—1110:,; Voo g:(0)[l2 = O(§r). A fourth order mean-value expansion then yields:

VT (gr(07) — g1(60)) = Ve gr(0o)VT (01 — 60) + VT (01 — 60) Vo gr(60) (Or — 60)+

p
> VT (0i1 = 0:0) (01 — 00)0;V 00 g7(60) (B — o)+ 10
=1

PP
SN VT (Oir — 0:0) 050 — 050) (07 — 00)03 Voo gr (01) (b7 — 65) |
i=1 j=1
where 07 lies in the line segment between 6, and 6. Under uniform integrability of /T (éT — ),
it follows that:

E[T(gr(0r) — 97(60))"] = E [(VO/QT(HO)\/T(QAT — 0) + VT (07 — 00)' Voo gr(00) (07 — 0p)+
>_ VT (Oir = 0:0)(0r = 00)0:V o0rgr(06) (Or — 90>)2] +0 ((r) - (&)

where 97 is the order of the sum of the first three terms in the mean-value expansion (14). We can
then plug (12) on the above to obtain an expansion in terms of estimable terms. Useful sequences
of gr would be gr(0) = Qy(urlf) (in quantile estimation) or gr(0) = Fy(pr) (in probability

estimation).

K.2. A Lasso-based alternative. In this section, we briefly review the selection method pro-
posed by Luo et al. (2015) in the GMM context. As discussed in the main text, our generalised
L-moment estimator can be seen as combining the R moments used in estimation into d linear

restrictions via the mapping:

Arhg(0) =0, (15)

where the combination matrix is estimated as:

Ap = Vo hR(O)WE. (16)
The poor behaviour of the L-moment estimator with large R may be partly attributed to the
estimation of (16). Indeed, we note that the term ©2/v/T in the higher order expansion of
Proposition K.1 is closely related to the estimation error of Qf and Vg hf(6y); and correlation
between the estimation error of these quantities with h%(6,) affects the bias due to this term.'®
Suppose = = (W)=l exists (as in an estimator of the optimal weighting matrix). Instead of
estimating Ap = Vg hf(0)QF by AR, Luo et al. (2015) propose to estimate the j-th row of A; as
(adapting their program to our context):
8Notice that correlation between Vg h®(0) and hf(6y) is due solely to estimation error of 6, since the Jacobian
Ve hf(6y) is nonstochastic in our setting. This is a more general feature of minimum-distance-style estimators,
and stands in contrast with GMM estimators where the Jacobian of the empirical moment condition at the truth
is random, which possess an additional bias term due to this additional source of correlation (Newey and Smith,

2004).
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R
. . 1
)\j € argminy pr 2/\ ZA— A V@/hR z_: |)\l (17)

for penalties £ > O,Vlj > 0,1 =1,...R; and where 6 is a preliminary estimator and e; is a
d x 1 vector with one in the j-th entry and zero elsewhere. Observe that, when the penalties
are set to zero, the solution is j\j = E’1V9/hR(€~)ej, which coincides with the j-th row of Ap. In
general, however, the penalties will induce sparsity on the estimated rows, so only a few entries are
selected. Importantly, (17) can be efficiently estimated by quadratic programming algorithms.'
The problem is also well-defined even if =, but not =7!, exists.

Once the d rows of A are estimated, we can stack them onto Ap = [5\1 o ... j\d]/ and
estimate 6y by solving:

Aphf(6) = 0. (18)

Alternatively, we may adopt a “post-Lasso” procedure, which is known to reduce regularisation
bias (Belloni et al., 2012). In our setting, this amounts to running our two-step L-moment estimator
using as targets those moments selected by matrix A, i.e. we use the moments given by the indices
Ts={le{1,2,...,R} : \;j; = 0 for some j = 1...d}.

In their paper, Luo et al. (2015) provide theoretical guarantees that, in the GMM context with
iid data, if = is the inverse of the optimal weighting matrix and the true combination matrix Ag
is approximately sparse — in the sense that it is well approximated by a sparse matrix at a rate —,
then the estimator based on (18) is asymptotically efficient under some additional conditions and
as T, R — oo. Their result can be adapted to our L-moment context — an extension we pursue in
Supplemental Appendix Appendix K.5. In what follows, we contrast the Lasso approach with the
higher-order MSE method in a Monte Carlo exercise.

K.3. Monte Carlo Exercise. We return to the Monte Carlo exercise in Section 3. We consider
the behaviour of four estimators: (i) the L-moment estimator with identity weights and R = d
(FS); (ii) the two-step generalised L-moment estimator with R selected in order to minimise the
approximate RMSE of the quantile one wishes to estimate (TS RMSE); (iii) the generalised L-
moment estimator with optimal weights and Lasso selection (TS Lasso); and (iv) the post-Lasso
estimator that runs the two-step generalised estimator using only the moments selected in the Lasso
procedure (TS Post-Lasso). For conciseness, we only consider estimators based on the “caglad”
L-moment estimator (3). As in Section 3 of the main text, we compare the root-mean-squared
error (RMSE) of each approach with that obtained from a MLE plug-in.

A few details with regards to the methods used are in order. First, in method (ii), the approx-
imate RMSE of the target quantile is computed using a parametric bootstrap and the expansion
in Remark K.1, up to second order. We do so by considering a third order mean-value ex-
pansion of the target quantile (i.e. we discard the third order terms in (14) when estimating the

RMSE), and by working with the expansion (11) of the L-moment estimator up to order T~*. See

YFor example, the quadprog package in R (Turlach and Weingessel, 2011).
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Algorithm K.1 for the pseudo-code of our resulting approach and the script selection.R in the
accompanying Github reposition for a computational implementation in R. We discard third-order
terms from the expansion for computational reasons — doing so allows us to compute the re-
quired derivatives inexpensively using closed-form expressions for Jacobians and Hessians involved
in these expressions.?”?! As can be seen from the formulae in Remark K.1, if 0 — 0 is (approx-
imately) symmetrically distributed, then dropping third order terms should not affect the bias
term that composes the MSE estimate, though it could change the estimated RMSE by changing
higher-order variance-related terms. In such settings, one would thus expect the RMSE formula
that ignores third order terms to skew selection towards lower bias-inducing choices of R. Given
the nonlinear nature of the problem, one expects such choices to lead to smaller values of R than
including further higher-order terms would. In future research, it would be interesting to assess
whether there are gains in including third-order terms in the estimated higher-order MSE. In our
Monte Carlo simulations, we run our selection approach with R ranging from d to T A 100.

As for the Lasso-based approaches, we follow the recommendations in Belloni et al. (2012) and
Luo et al. (2015) when setting the penalty k and the moment-specific loadings vlj . Specifically the
penalty k follows the rule in Luo et al. (2015). In setting the penalty-specific loading, we observe
that Assumption K.5 in Appendix K.5 requires that, for each program j = 1...d and variable
[ =1,... R, the penalty Ulj k/T dominate, with high probability, the derivative with respect to the
[-th variable in the optimisation, evaluated at the target sparse approximation. Following Luo
et al. (2015), we ensure this by setting vlj equal to an estimate of an upper bound to the standard
error of the gradient at the sparse approximation. We estimate this bound by first using the
Delta-method to compute an approximate variance to the entries of the matrices = and Vgth(é)
that enter the quadratic program in equation (17).” We then use these variance estimates in the
binomial search Algorithm 1 of Luo et al. (2015) to find an upper bound to the standard error
of the gradient at the sparse approximation. Our penalty is “coarse”, in the sense that we do
not refine the upper bound by using the results of a previous Lasso estimator and then iterating
this formula. Given the findings in Belloni et al. (2012) and Luo et al. (2015), one would expect
that such refinements would lead to less stringent regularisation, though we leave the design of a
proper refinement algorithm for future research. Importantly, for each program j, we modify the

loadings vlj to be equal to zero for [ = 1,2,...,d, i.e. we do not regularise the first d L-moments,

20For those distributions for which an applied user does not have the required Jacobians and Hessians in closed
form, our computational implementation computes the required derivatives using differentiation routines available
in the R package autodiffr, which serves as a wrapper to Julia routines that compute Jacobians and Hessians
efficiently using automatic differentiation.

2IWhile it is certainly possible to use symbolic differentiation (e.g. Mathematica routines) to obtain closed-form
expressions for third-order derivatives for the GEV and GPD families, the evaluation of such derivatives, as well
as the computation of the cross-products involved in the higher-order term ©3., start to become computationally
prohibitive as we consider larger candidate values of R.

22Notice that, per the discussion in Section K.2, = is an estimator of the matrix whose (generalised) inverse
corresponds to the optimal weighting scheme. In our application, we compute this estimator and the gradient
Vo h(6) by taking 6 as the FS estimator.
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so they are effectively “always included” in the second step estimation. For the Lasso estimators,
we consider a maximum number of allowed L-moments (the number R in (17)) as 2(7 A 100).
Tables K.1 and K.2 replicate the results from Tables 3 and 4 in the main text, but including
the TS Lasso procedure. We note that the TS Lasso tends to perform poorly. This is due to the
large regularisation bias imparted by the “coarse” penalty, which tends to dominate the RMSE.
The Post-Lasso approach is able to attenuate such bias and produce estimators with desirable
properties; still, in smaller samples, the relative performance of this approach vis-a-vis TS RMSE

can be unfavourable.

Algorithm K.1 Pseudo-code for higher-order mean-squared error calculation

Require: Maximum number of L-moments R, number of bootstrap simulations B. Target quantile 7.
Ensure: Higher-order MSE estimates of quantile estimators based on the Caglad two-step estimators
Or, R € {1,... R}, and a MSE-minimizing choice R*.
1: Estimate 6 using the Caglad estimator with R = d, denoted by 6.
2: Compute and store the derivatives pertaining to expansion of the target quantile: VgQ(T]é),
Voo Q(70),
3: Compute and store the derivatives pertaining to estimation of the Jacobian of the objective function:
{Js VoQ(u|0) Py (u)du, [ Voo Q(ulf) Pr(u)du}, r = 1,...,R.

4: Compute and Store the evaluation of the following functions and its partial derivatives, with respect
to 0 at 6: fo fo 7200 g@;fel{g()vw))UTVstdV, for (r,s) € {1,..., R}2. These quantities pertain to
estimation of the optlmal weights.

Compute and store the vector of L-moments L Q(u|5)P§(u)du.
for b=1 to B do
Generate a sample of size T" from Fj. Denote it by Z.

Calculate the empirical quantiles of 2, Qp, and compute and store hy, + /T ( fol Qb(u)Pﬁ(u)du -

A

L).
9: end for

10: for R=1 to R do

11: for b=1 to B do ~ )

12: Compute the quantities @%p and @% of the higher-order expansion (11) using the first R entries
of hy and the derivatives and estimated optimal weights of the first R L-moments. Store these
quantities as (:)}%b and (:)% b

13: end for 7 7

14: Estimate and store the MSE of Q(7]0r) as
— L ) L o L )

MSE(Q(7|0r)) Z <V9’ (r19) @Rb+T 2@R p)+ (G}z,b‘f'T 29%{,b),v99’Q(7—‘0)(@}%,b+T 29%%,&;))

b
15: end for .

16: Set R* - argming . MSE(Q(7|0r)).
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TABLE K.1. GEV : relative RMSE under different selection procedures

T =150 T =100 T =500

7=05 7=09 7=099 7=0999|7=05 7=09 7=099 7=0999|7r=05 7=09 7=099 7=0999

FS 1.026 0962 0821 0737 | 1.031 0098 0050 0928 | 1.028 1.004  1.061 1.095
(3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3)

TS RMSE 1008 0964 0794 0674 | 1.004 0987 0923  0.865 | 1.005 0999  1.006 1.009

(16.81) (3.66)  (3.3) (341) | (33.02) (4.17) (4.32)  (457) [(20.29) (35.51) (40.91)  (43.17)
TS Lasso 1983 1897  1.803 >10 | 8188 3.059 2924 >10 | >10 4352 2481  3.630

(7.99)  (7.99)  (7.99)  (7.99) | (9.24) (9.24)  (9.24)  (9.24) | (9.95) (9.95)  (9.95)  (9.95)
TS Post-Lasso | 1.017  0.975  0.857  0.781 | 1.010 0.988 0928 0866 | 1.006 0.999  0.999  0.993

(7.99)  (7.99)  (7.99)  (7.99) | (9.24) (9.24)  (9.24)  (9.24) | (9.95) (9.95)  (9.95)  (9.95)

TABLE K.2. GPD : relative RMSE under different selection procedures

T =50 T =100 T =500

7=05 7=09 7=099 7=0999|7=05 7=09 7=099 7=0999 |7=05 7=09 7=0.99 7=0.999

FS 0.984  0.981 0.824 0.648 0.988  0.993 0.917 0.856 1.007  1.005 0.990 0.982
(2) 2) (2) (2) (2) (2) (2) (2) (2) (2) 2) (2)

TS RMSE 0.964  0.994 0.817 0.640 0.980  0.990 0.896 0.828 0.997  0.999 0.978 0.970

(2.86) (4.43)  (2.61) (2.96) | (3.59) (4.31)  (3.02) (3.09) | (5.34) (48.42) (31.11)  (29.71)
TS Lasso > 10 > 10 > 10 > 10 > 10 > 10 > 10 > 10 > 10 > 10 > 10 > 10

(3.52) (3.52) (3.52) (3.52) (3.7) (3.7) (3.7) (3.7) (3.78)  (3.78) (3.78) (3.78)
TS Post-Lasso | 0.995  0.999 0.891 0.741 0.992  0.999 0.950 0.905 0.998 1.000 0.985 0.977

(3.52) (3.52) (3.52) (3.52) (3.7) (3.7) (3.7) (3.7) (3.78)  (3.78) (3.78) (3.78)

K.4. Proof of Proposition K.1.

Proof. On 67 € O and existence of (W5)~! and (QF)~!, the estimator satisfies the following first

order condition:

Vo h(0)YWERR(H) =0,
which may be written as (Newey and Smith, 2004):

—VohB(0)' _y
—hR(@) — (WR)TA )

where, by Proposition 2, § — 6y = O,(T~/2) and:

IMl2 < W2 21(Qy (1) = @y (10) Lpgill 201 »
implying that ||Ally = O,(T~1/?).

Put g := (¢, \). Let:
—Voh®(0)' X
m@)=( O )
—h"(0) — (WH)~IA
The estimator solves m(3) = 0. Let Ag := Opx1 and Sy == (6, X,)". On 67 € O and existence of

(WH)=1 and (QF)~!, a fourth order mean-value expansion of § around £, yields:
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= m(B) = m(Bo) + M(B ~ o) + 5 3B — B,0)0,M (B — o)+

o Z — BBy — Bo)Di,M(B — o) + 57 3By — o) (B — Bio) By — Bi0)gas M (B — o),
9545J
where M = Vgm(fy) and 9;M is the (d+ R) x (d + R) matrix with entry (I, k) equal to 9m' (o)

8,08y,
Similarly, 0; ;M is a (d + R) x (d + R) matrix with entry (I, k) equal to Om (%) . and 0yiiM is a

0BiB; 0Bk’ -
(d+ R) x (d + R) matrix with the fourth order partial derivatives evaluated at u-specific 6(u) in

the line segment between hat 6, and 6.

Next, we observe that:
_ , R !
M- 0 Vo h'™(6) ‘
Vo hfi(6) —(WF)

0 —VyhR(6,)
MO = .
—Vaoh®(0y) —(QH)!
Then by Assumption K.1, | M — M|l = O,(T~Y2). Moreover, note that:
M — ( O — Vo (60) Qg )

—QRVQ/hR(HQ)Q% —Qpr + QRV9/hR(QO)QEV@hR(eO),QR
where QE = (Vg/hR(Qo)/QRVQ/hR(Qo))_l

Letting:

, which exists by Assumption 8. Rearranging, we have:

(B — Bo) = =My 'm(By) — My (M — My)(B — Bo) — MQO_I Z(ﬁj — Bjo)d; M (3 — Bo)—

J

1 A~
Y (B — By0) (B; — Bio)(B; — Bjo)Dy,ig M(B — Bo)—
PV
Mt X . . o )
— = DBy = Buo) (Bs = Bi0) (B = Bo) |9iaM = 0yaM | (B = Bo)

954,J

Our first goal is to show that, on 67 € O and existence of (WH)~! and (QF)~1, (B — fy) =
—M; 'm(Bo) + O,(T~1). We split the proof in several steps. First, note that ||MO Yl = O(1).

Indeed, for a block-matrix, it follows by the properties of the operator norm that:

A B
C D

< [|Allz + 1Bl + ICllz + | DI]2 -
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Then, since [|Qglls = O(1) (Assumption 8), Qg = O(1) (Assumption 3), ||V h'(6p)]3 <
tr(Vo h(00)' Vo h®(6p)) <SP, ff 09, Qy (u]0p)|?du < 0o (Assumption 5), it follows that || Mt ||s =
O(1).

Next, we claim that, except for the first term, all terms on the right-hand side of (19) are
O,(T™1). Clearly, ||(M — Mo)(B—Bo)|| = O,(T~1) As for the third term, one needs to characterize
0;M. For j <d, we get:

ajM _ 0 —8jV9/hR(90)/ |
— 9,V hR(8) 0

whereas, for 7 > d + 1:

ou — (~Vorhi-albo) 0}
0 0

This implies that:

||Z — Bi0);M(B — Bo)|» <

d+R d+R
< B —=Bollz- D18 — Biol - 19;:M]l2 < 118 = Boll3 | D _l10;:M;]13 = Op(T71)
j=1 j=1
where we used that 7" “10;M;12 = O(1), which follows from Bessel’s inequality and Assumption

Assumption K.2.
Next, we characterize 0;; M. For 1 <1i,j < d:

0 M = " R 0y Voht 0]
—@-]Vg/h (00) 0

whilst, for s < d and j > d + 1:

0 0

B M (0 0) |
00

which, when using Bessel’s inequality and Assumption K.1, implies that:

1251 = B)(5s = B0 M (5 = Al <115 =l [D_N0: M3 = 0,(T 7).
4]

By a sumlar argument, we can show that the fifth term, which involves fourth order derivatives,

oM — (—&-Vf)@,hj_d(eo) 0)
ij

and, finally, for ¢,7 > d + 1:

is O,(T~?). Finally, we can use the last part of Assumption K.2 in a similar way as in the proof
of Proposition 2 to show that the last term is O,(T~2).
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Next, using the O,(T~') representation of B — By, we get that, on 67 € O and existence of
(WE)=1 and (QF)~1:

~1
b—po = _Molm(ﬁo)‘i‘Mol(M—Mo)Mo1m(ﬁ0)_MQO Z (Mcflm(ﬁo))j 0; M My m(Bo)+0,(T~*/?).

J

Plugging this expression back onto (19) and disconsidering terms that are O,(T~2) allows us to
define ©, ©F and © as in (11). To conclude, we must show that focusing on the event that the
inverse exists and 67 € O does not change the rates we have obtained. In particular, note that we
have already shown that:

N er er N
VT(0 - 6,) =1,, |OT + \/—% + o+ Op-(T™2)| + 1,6 VT (61 — by,
where I7 is the event that 67 € O and that (W)~ and (QF)~! exist. By Assumption K.1 and
0y € O, we know that 1, % 1 and ILI%\/T(HAT — 6) = 0,(1).?* To show the rates derived from
(19) are not affected, we show that 1 8= 0,(T~%/?). Indeed, fix € > 0 and note that there exists
T* € N such that, for T" > T™:

TPl >e &= 1 =1,

but P[IE] — 0, which proves the desired result. Using that 1 5= 0,(T~%/?), we can write

VT(H — _oT 03 @3T -3/2

T —6y) =0 + = + T + Op«(T™%)+
A er er or oT

Lig VT(0r — 00) — 1y |OF + \/—% + =+ Op-(T7%?%)| =0 + \/—% + 5+ Op(T73/?),

which proves the result. O]

K.5. Conditions for validity of Lasso approach. This appendix presents sufficient conditions
for the validity of the Lasso approach outlined in the main text and detailed in Appendix K.2.
We adapt the conditions in Luo et al. (2015) to our setting. In addition to the assumptions in the
main text, we require sparse eigenvalue conditions that enable invertibility (and bounded spectral
norm) of “small” submatrices of Z; and approximate sparsity of the combination matrix Agz. We
state these assumptions below. In what follows, define, for v € R", ||v||o == #{j : v; # 0}.

Assumption K.3 (Approximate sparsity of combination matrix). Forj =1,...,d, let \j == Aje;.
We assume that, for each j, there exist constants Kjl-, K} and a sequence of vectors g € RE such
that, as T, R — oo:

(1) [Ajllo = sz
2In a similar vein, we have implicitly used that L co % 1 and 1, ¢O\/T(9T —6p) = 0,(1) in the proof of the

linear representation of Proposition 2.
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_ _ _ _ _ /
(2) ||[Ar — Aglla =0 (1), where Ag = |X\; Ny ... \i| .

Assumption K.4 (Sparse eigenvalue and spectral norm condition). Let:

K(s,Z) = min §'=4,
SERE:||5]0<s,]|d]|]2=1
o(s, )= max = §E5.

SERE:||5]|0<s,]|8]l2=1

We assume there exist constants 0 < k1 < ko such that:

Jlim Plry < w(splog(T), Z) < é(srlog(T), =) < wa] = 1.
,R—o0

The last assumption restricts the penalties & and Vf, 1=1,...R, j =1,...,d. In particular,
we require these penalties to be sufficiently harsh so as to dominate the gradient S’j()\) ==\ —

Ve hR(é)ej of the unpenalised objective function, evaluated at the sparse approximation A;.

Assumption K.5 (Penalties). The penalties satisfy:

(1) For a sequence ar converging to zero such that apR — oo:

P ['max max (Sj(;\j))i/yij" < %} >1-ar,

j=1,..di=1,..R

where k = (14€)\/TO (1 — &) for some € > 0, and where ® denotes the cdf of a normal
distribution.

(2) There exist constants a > 0 and b < 0o, such that:

limP ¢ < min min ¥/ < max max v} <b| =
j=1,.di=1,..,R j=1,..di=1,..R

Under Assumptions K.3-K.5, it follows, by application of Lemma 26 in Luo et al. (2015), that
there exists a constant K, and a sequence of er converging to zero, such that, with probability at

least 1 — e

2 Rd
T3 st log ()
Jmax 14 = Al < K|/ = (20)
where S\j denotes the solution to program (17).
The bound in (20), together with Assumption 12, implies that:
- - . s7 log(24)
IAr = Agllz < |Ar = Agllr + [|Ar — Agrllz = Op | \| ——F——
If we assume that 52T10—:§(R) — 0, then ||Ag — Ag|l2 = 0,(1), and the Lasso approach consistently

estimates the combination matrix. We can then derive the properties of the Lasso-based estimator

in a similar vein as to Propositions | and 2 in Section 3. To see this, we observe that the estimator

éselected éselected )

solves S( = 0, where:
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S(6) = Aghf(6).
If we define the population objective as Sy(#) = AR[fpﬁ(@y(u) — Qy (u|0) PR (u)]du, then we can
proceed as in the consistency proof of Proposition 1. Similarly, we can proceed as in the proof of

Proposition 2 to obtain an asymptotic linear representation of the estimator.

APPENDIX L. DETAILS ON EXTENSIONS

L.1. “Residual” analysis of semi- and nonparametric models. Consider the model for a

scalar outcome Y outlined in the main text:

Y =h(e, X;v), el CB,
e~ Fp, 0O CR?,

where we assume that the researcher has access to a first-step nonparametric estimator of ~y; and

(21)

that the scalar e follows a continuous distribution function with true density f.. We assume that
' is a subset of the Banach space (B, ||-||z). We consider the case where the data consists of
independent copies of (Y, X).

Following Ichimura and Newey (2022), let «(F') denote the probability limit of the first-step
estimator when the distribution of Z := (X,Y) is F'. Denote by Fj the true distribution of Z, thus
Yo = 7(Fo). We seek to find a function b(u; Z;y(F), ¥ (F)) such that Ep[b(u; Z;v(F),¥(F))] = 0,
Er[(b(u; Z;7,9(F))? < oo, and for every distribution function H (restricted except for regularity
conditions) and [ € N:

/ e I——— Y / [ bl (F) oEYP@HE, (22)

where 1 (F') denotes a set of nuisance parameters, and, for 7 € [0, 1), v (H|F) = v(F+7(H — F))).

The function b is known as a first-step influence function, quantifying the impact of estimating

~(F') on the estimator of the L-moments.

Following Chernozhukov et al. (2022), we will focus on correcting L-moments by a sample
average of an estimated version of the first-step influence function. To see why, take F' equal
to the empirical distribution function of Z, and H = F. We may then consider the following
distributional Taylor expansion (Kennedy, 2023) around F":

VT (/p Qh*l(YvX;&) (u) Py (u)du — /p th(Y,X;yo)(u)Pl(u)dU> =

/ Querv o WP w)u| 4T / Ein () Py (1) = (23)

// )P )Fo(dz)du+\/_/ Eiin (1) P () du,
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where the second equality follows from (22). By Bessel’s inequality, T|| f P Fin (w) PP (u)du|)? <
T f P FEjin(u)*du . Under smoothness conditions on the model, the linearisation error can be further

shown to be bounded above by T’ f P Bin(u)?du < CT||5 — 70|l (see the discussion on Assumption
3.4 in Chernozhukov et al. (2018); and the examples in Section 4.3 of Kennedy (2023)). Therefore,
in these settings, if ||¥ — o5 = or (T~'/*), one would have that T||fpﬁ B (v) PP (u)dul|? = op, (1),
and (23) would imply that correcting by an average of the first-step influence function may be
employed to remove the effect of first-step estimation.

In the following examples, we provide calculations for the function

Bi(Z;70,10) = /P b(w; Z; 705 %o) Py (w)du

in three models. For that, we rely on the following observation:

Fh LY, X yr) (Qh LY, X yr )(’LL)) =u Yue (0,1),7’ S (0,1) -

24
_Qh - 1 ) (24)

=~ 7o PrlY < hQc(u), X377)]
Whenever the order of differentiation and integration can be exchanged in (22), representation

=0 fe(Qc(u)) O =0

(24) will allow us to apply the results of Ichimura and Newey (2022) in our context.

Example 1 (Semiparametric conditional mean model). The model is given by:
Y =7 (X) + ¢,
ENFQO, 90€@ng.

where for every distribution H, the probability limit of the preliminary consistent estimator of g

is given by:

v(H) € argmin,, .,y Ex[(Y — w(X))?],
with W ia closed linear subspace of Lo(Fp x) that does not depend on H. Notice that %PFD Y <
Qe(u) + v+ (X)) LEp [Pr[Y < Qc(u) +7-(X)|X]]| . If the order of differentiation and
=0 =0

integration can be exchanged Proposition 1 of Ichimura and Newey (2022) yields:

Bi(Z:7,1) = / B(ulX)(Y — (X)) P(u)du
where

Go(ulX) € argmin, y Er, [(wo(u|X) — w(X))?],
with wo(u]X) = ek Fax QW) X).

Example 2 (Semiparametric conditional quantile model). The model is given by

Y = (| X),

€| X ~ Uniform[0, 1],
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where, for each 7 € (0,1) and distribution H:
Y(H)(7|X) € argmin, .y Eg[|Y — w(X)|[(71{Y —w(X) >0} + (1 — 7)1{Y —w(X) < 0})],

with the class W defined as in the previous example. In this model, the L-moment approach may
be used as a specification testing tool, since the model implies € ~ Uniform[0, 1].
In this setting, if YV contains constant functions, Proposition 1 of Ichimura and Newey (2022)
yields:
i

Bi(Ziv ) = — / (1 — 1Y < ~(u]X)}) Py(u)du

p

Example 3 (Linear-nonparametric instrumental variable model). We consider the linear-nonparametric
model of Athey et al. (2019):

Y = ap(X) + Bo(X)W + €

e~ Fp, 0O CRY,
where Ep, [¢| X] = 0, but W is believed to be endogenous. We assume that the researcher has access
to a scalar instrumental variable S satisfying Ep,[¢| X, S] = 0. Following Athey et al. (2019), we

consider consistent preliminary estimators of a and [ whose probability limits are characterized

by, for each H:
Eg[(Y — a(H)(X) - S(H)(X)W)|X] =0, (25)
En[S(Y — a(H)(X) — B(H)(X)W)|X] = 0.
In this case, if Eg [S|X, W] = ag(X) + bo(X)W with Pg,[by(X) # 0] = 1 and Ex [W]X,S] =
co(X) + do(X)S with Pg[do(X) # 0] = 1, it follows by Proposition 3 of Ichimura and Newey
(2022) that:

Buzi ) = = [ (o) 555 40 ) = ax) - 500w R,
where: :
(go(u|X), ho(u| X)) € argmino,pELQ(Fo,X) Er, [(wo(u]X, W) —o(X) — p(X)W)z] )
with wo(u|X, S) = mfe\X,W(Qe(u)’X> W).

Once the form of correction is known, we follow the double machine learning literature (Cher-
nozhukov et al., 2018, 2022; Kennedy, 2023) and propose a sample-split bias-corrected version of
the L-moment estimator. Fix x € (0,1). Partition the sample into two blocks, with 77 = |T'x|
and Ty, = T — |T'x| observations. Let Z; and Z, denote the set of indices of each partition. We

propose to estimate 6y through the following steps:

(1) Using Z;, estimate 79. Denote by # this first-step estimator.
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(2) Using Z,, compute, for each u € (0,1), Qe(u) as the u-th empirical quantile of {h=1(Y;, X;;4) :
i€ Iy}
(3) Using Z;, estimate 1)y. Denote by ¢ this estimator.

(4) Compute the influence function adjustment:

(5) Estimate the model by:

0z, € arg inf,cq [/pp (Qé(u) — Q.(ul6) > PR(u) du — A] WR [/pp (Qé(u) _ Qy(u|9)> PR(u)du — A] ,

where W% is a possibly estimated weighting matrix.

For sample-splitting not to result in efficiency losses, one may adopt cross-fitting, i.e. one swaps
the roles of Z; and Z, in the above sequence, and compute the final estimator as = /-iézl +(1 —/1)6}2
and .

Consistency and asymptotic linearity of 912 follows by standard uniform differentiability condi-
tions, with proofs similar to those of Propositions A.1 and A.2, if the crucial conditions:

2

T = OFO(l) y

/pp B (u) PR (u)du

and
VT HA A AH2 = op (1),
hold. Here, A is given by:

B (Zi;v0,v0)

Ao _T% B2(Zi;:70,¢0) |
i€T> :
Br(Zi;v0,%0)
and A is given by:
J Bi(24,9) Fy(dz)
A= — :

fBR(ZQ%@FO(dZ)

In our three examples, that v/T||A — A — A||s = og, (1) holds follows by, first, applying Bessel’s

inequality to show that
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_ 2
T|A-A-A|j < / T (Ti > [b(u, 75330, o) — blu, Zi; 4,1) — /b(u, %4, &)Fddz)]) du.

p 1€1s
That the right-hand side converges in probability to zero can then be established under weak
consistency requirements on 4 and 77[} Importantly, one does not have to resort to Donsker condi-
tions, due to the special structure provided by sample-splitting (see Kennedy, 2023, Lemma 1 and
the accompanying discussion).

Under the above conditions, the estimator admits the following asymptotic linear representation:

T 0) = (0000 (VT [ 0u0) - Qa0 P VT 00,

where JE(0) = —ff Vo Qc(u|d)PF(u)du, and, for each v € T', Qp-1(y,x,)(u) is the population
quantile function of A~ (Y, X; 7).

If we assume that the conditions on the distribution of A~1(Y, X;~) ensuring that a Bahadur-
Kiefer approximation as discussed in Appendix H hold uniformly over + in a neighbourhood of
70, then we may use these results as a tool for inference. For example, if the conditions in the

statement of Theorem H.1 hold in such way, then we are able to show that:

VTa(07, — 05) = —(T(6) QI (0)) " TR(0,) Q" (VT(C — A)) + 05 (1),

with where,

1 P 1
C:_ / 1h_1 Y;aXi;A S -1 A(w —uwWPnr(u)du .
T2iezzz P fh_l(va;’Y)(Qh—l(Y,X;fy)<U>>( o 7) < Qu-r(vxs) (W)} — u)Pr(u)

Notice that, due to the nature of sample-splitting, conditional on %4, both C' and A are zero-mean
random-variables whose variances and covariance can be estimated by sample-analogs. This result
serves as a basis for inference in this setting. Moreover, the conditional variance of /75 [C — A]

can be used to compute the optimal weighting scheme to be used in step (5) of our estimation.
L.2. Details on prediction intervals.

L.2.1. Asymptotic validity. We consider a setting that nests our application in the main text as a
particular case. Specifically, we consider that the researcher posits the following potential outcome
model for the untreated outcome that is observed absent a policy intervention in a panel of n units,

indexed by ¢, over T" periods, indexed by t:

}/i (0) - ht(eityXit;rY()% Y € r g B7
EZ’,tNFgm Qoe@ng,

where e — hy(e, x; ) is strictly increasing, for every x in the support of X;;; and the distribution of

(26)

Y;+(0) has no point masses. The treatment intervention date ¢* takes values in a set 7 C NU{oo},
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which may include t* = oo if, for some realisation of the random variables, the intervention would
never take place. As in the main text, we assume that ¢* is independent of ¢; ;+. Fix a significance
level @« € (0,1). Let 4, . and ém denote the (generally unfeasible) estimators of 7y and 6y computed
using the untreated potential outcomes of the n individuals in the panel and the first 7 periods.
The actual estimators are given by 4, ;+_; and ényt*,l We assume that, for every 7 < supT AT,
Pim,, , o SUP,equpp x, 2y hr1(Qp, (1 — @), 2 90,7) — hri1(Qoy (1 — @), 237)| = 0. In the setting
of the main text, this assumption requires that there always be, over alternative realisations of
sampling uncertainty, sufficient pre-treatment periods to estimate the outcome model Y;;(0) using
lags as instruments.

Our proposed lower confidence region for a unit ¢ is given by:

-,Zi,l—a = [Y;;t* — ht*(Qényt*_l(l - O‘)v Xi g+ 'AYn,t*)7 OO) )
and, we may assume, without loss, that, in the event that t* > T', the confidence region is estimated
without uncertainty, as, in practice, nothing is reported in this case by the researcher and thus no
“mistakes” are made.
The asymptotic validity of the confidence region can be shown by relying on a similar argument
to the one in Appendix A of Alvarez and Ferman (2024). Specifically, we observe that, under the
stated assumptions, ht*(Q@n,t*_l(l — ), Xie; Anae—1) = he(Qao (1 — @), Xige:0), since, for any

tolerance v > 0:
Tim PllA(Qg, . (1= @) Xige; e 1) = = (Qoo (1 = @), Xip=5790)| > ] <

nh—>noloZP [{ Sup |hT(Q9An,771(1 - O‘)al’;ﬁ/n,’r—ﬁ - hT(QE'o(l - O‘)ax;’70>| > V} N {t* = T}] -

reT xesupp X, -
Z lim P sup A (Qp (1= @), 25 9m,,-1) — he(Qay (1 — ), 3 70)| > v p N{t =7} =0
TeTn_mo xz€supp X r ’

(we pass the limit under the sum because at most the 7' < oo first terms in the sum are different
than zero). Consequently, given that the distribution of Y;;(0) has no point masses, it follows by

the continuous mapping theorem that:

1{Yi+(1) = Yi=(0) € Zi 1o} = 1{Yi=(0) € (—o0, ht*(Qém*_l(l — ), X5 1))} 5
1{Yi-(0) € (=00, he=(Qo, (1 — @), Xig=370)]} = W€ < Qoo (1 — )},
where the last passage followed by the map h; being strictly increasing in the first entry. Asymptotic

coverage then follows by the bounded convergence theorem and the independence between t* and

€+, by noting that:
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lim P[Yip- (1) = Yier (0) € Tia-a] = Pleier < Qg (1 - )] = > Pt =1|Ple;r < Qop(1—a)[t* =17] =
T€T
> Pt =1IPle;r < Qp(l—a)] =1—a
T€T
L.2.2. Bonferrroni correction. The prediction interval presented in the previous section has an
asymptotic justification. However, in finite samples, estimation error of 6y and 7y may induce
miscoverage. Following an idea similar to Cattaneo et al. (2021), we consider two simple Bonferroni-
style adjustments that may improve upon coverage. The first adjustment relies on the assumption
that €4+ is independent of the data used to estimate 6y and . In this case, for 8 € (0,1) and
¢ > 0, a simple calculation reveals that coverage probability of the modified interval fz‘,ﬂ — ¢ can
be bounded below by:

P[Yii+ (1) = Yi (0) € i — 6] = P[Y- (0) < hi(Qg, . (1 = B), Xiws; fnpe—1) + 9] =
Peir < Qoy(1 = B)} N{he(Qg . (1= 5), Xige; npr1) — e (Qoo (1 = B), Xige570) = —0}] =.
(1= PP {he(Q5, . (1= 5), Xipws Amgr—1) = b= (Qoy (1 = B), Xip=:70) = —¢}]
Now, if h-(Qg, . (1= ), Xoaei A1) — e (Qoy (1 = B), Xio370) is approximately normally dis-

tributed around zero in larger samples, which can be the case if a central limit theorem applies to
this term, and if the variance of this term can be estimated, then one can calibrate ¢ and 8 based
on the normal distribution as to ensure coverage at the (1 — «) level. Notice that there is some
flexibility in the choice of ¢ and § in this case, which can be chosen so as to maximizie the low
endpoint of the interval.

The previous correction relied on independence between ¢; .« and the data used in the estimation.
If that is not the case, than a simpler Bonferroni bound may be obtained by applying the union
bound to the probability of miscoverage of fi,g — ¢. In this case, one calibrates [ and ¢ such that
BAP[{h(Qg, . (1= B), Xigs npe—1) = her(Qay (1 = B), Xir;70) < —¢}] < a. Notice that this
adjustment is necessarily more conservative than the previous one, though the difference can be

small.

L.3. Conditional models. Suppose the researcher postulates a conditional model {Qyx(|X;0) :
0 € ©}, where Y is a scalar outcome of interest, X are a set of controls, and © C R%. We consider
the estimator @ of the true parameter 6g:

T 2

A 1
0 € argming.g T Z

t=1

, o (27)

Q(X;)Y? (/pp (QYlX(u\Xt) — Qv x (u|Xy; 9)) PR(u)du>

2

where (2 is a R X R symmetric positive semidefinite weighting function of the controls X, and Qy| X
is a preliminary nonparametric estimator of the conditional quantile process (u,z) — Qy|x (u|x).
The formulation may be seen as an extension of Ai and Chen (2003)’s approach to models defined

by conditional moments to a conditional L-moment setting.
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Suppose that we rely on the nonparametric quantile series regression estimator of Belloni et al.
(2019), and that the conditions underlying their Comment 3 and Theorem 2 are satisfied. In
this case, under identifiability and uniform differentiability conditions similar to those used in
Propositions 1 and 2, it is possible to show that the estimator admits the asymptotic linear
representation.
VT(0 — 6y) =

-1

_ <%Z (/p ae’QY|X(U|Xt;00)PR(U)dU) Q(Xy) (/p 89/Qy|X(U‘Xt5‘90>PR(“)dU>) X
1 P ! Pl L
(T Z (/ 39'QY|X(U\Xt;90)PR(U)du> Q(Xy) </p Z ﬁZtJT (u)Zs(u — 1{U, < u})PR(u)du>>

t=1 b P s=1
+0P(1) >
(28)

where Z; is the vector of transformations of X; used in the series estimator;

T
Jr(u) = % > hix (@ (ul X)X 2,7,

t=1
and {U,}]_, are independent uniform random variables, independent from {X,}7_;. Tt then follows

that the optimal weighting scheme is given by:

([

This optimal weighting scheme can be estimated by relying on an estimator of u +— Jp(u)

QX —Z’ () Zy(u — 1{U, < u})PR(u)du> ‘Xl, . ,XT] .

s=1

(Belloni et al. (2019) discuss nonparametric estimators of this function; a semiparametric version
of this quantity that relies on a preliminary estimator of §, can also be used); and on simulation
from uniform random variables.

Inference using normal critical values can be performed under the assumptions underlying The-
orem 5 of Belloni et al. (2019), which ensures a strong approximation of the series estimator to
a Gaussian process. A weighted bootstrap approximation can also be used, if the assumptions
underlying Theorem 6 of Belloni et al. (2019) hold.

Next, we note that, by considering u-specific orthogonalizations of the Z; when estimating a

quantile function x — Qy/|x(u|z), it is without loss to assume that, for every w:

\/fY|X(QY(U\Xt)\Xt)fY\X(QY(U’Xs)|Xs)Z£Zs =1{t = s}.

Using this fact, we are able to show that the variance of the leading term of the linear represen-

tation of the optimally weighted generalized L-moment estimator is:

(G

/

1 (u—1{U: <u
avaviseasonpane) (v [ ETEER S Pt

t=1
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T
Xt:|> (1 Z/ BG’QY|X u|Xt,90)PR(u) u))
P

t=1

N
MH
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0
0

0

which closely resembles the variance of the optimally weighted L-moment estimator in the uncondi-
tional case. Indeed, the above expression differs from the unconditional version in that it averages
the relevant matrices across the sample support points of X. Proceeding by analogy to Appendix I,
we are then able to show that, when we rely on an orthonormal basis {P}; and 0 <p <p < 1, our
proposed estimator is efficient, in the sense that its asymptotic variance coincides with the inverse

of the expected conditional Fisher information matrix.

APPENDIX M. ANALYTICAL EXPRESSIONS FOR THE GENERALIZED EXTREME VALUE AND
GENERALIZED PARETO DISTRIBUTIONS

This Appendix contains analytical expressions of the theoretical L-moments, as well as the
gradients and Hessians used in computing the L-moment estimator and its higher-order expansion
for both the GEV and GPD families of distributions. The file gev_npd.nb provides a Mathematica

notebook that analytically derives some of these expressions.
M.1. Generalized Extreme Value distribution.

M.1.1. Theoretical L-moments and its derivatives. Following Hosking (1986), the [-th probability-
weighted moment of a GEV distribution with location parameter m, scale parameter r and shape

parameter k is given by:

r(1=(14+1) " T(k+1))

1 m '
/ Qo(w)u'du = { 1 t k(D) if k#£0
0

log(I+1 . ’
e k=

where I' denotes the Gamma function and v the Euler-Mascheroni constant.

The gradient of the probability-weighted moment is given by:

L
—(+

r((14+1) FT(k+1) log(i+1)— (I+1)
E(I+1) k2(1+1)

at k # 0, with ) (x) denoting the j-th derivative of  — log(I'(z)) (the polygamma function of

) F(k+1)
k(i+1)
D(k+1)yp©@ (k+1))  r(1—-(+1) " T (k+1))

order j) and:

L
I+1
log(i+1)+y
I+1
r(6 log2(I1+1)+127 log(l+1)+6’yz+7r2)
12(0+1)

at £ = 0. Finally, the Hessian of the probability-weighted moment is given by:

0 0

0 (+1) P (k+1) log(I4+1) = (14D “* D (k+ 1) O (k+1) _ 1-(1+ |) FT(k+1)
kD) K2(0 1)

) (k+1) loy

g(l+1))

ZIE=) B FE(r D) R+ D)
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at k # 0 and:

0 0 0
0 0 _ 6log?(I4+1)+127log(I4+1)+6v2+2
12(+1)
0 Blog?(L+1)+12y log(1+1) 462+ r(21og3(I+1)+67 log? (I+1)+ (672 +72 ) log(I+1)+2v> +ym2 — 202 (1))
12(1+1) 6(1+1)

at k= 0.

M.1.2. Quantile function and its derivatives. Again following Hosking (1986), the u-th quantile of
a GEV distribution with location parameter m, scale parameter r and shape parameter k is given
by:

r(l—(—log(u))k) .
m+ ———— ifk#0
Qo(u) = ‘
m — rlog(—log(u)) ifk=0

The gradient function of the u-th quantile is given by:

1
1—(—log(u))"

%
r(1=(=log(w)*)  rlog(—log(u))(— log(u))*
"2 k

at k # 0 and:

1
— log(— log(u))
— 51 log?(—log(u))
at £ = 0. The Hessian is given by:

0 0 0
0 0 1o (log(w)* _ log(~ log(u)(~ log(u))*
K2 k
0 _l=(Zlog(u)* _ log(~log(u))(=log(u)* 2r(1—(—log(w))*) | 2rlog(—log(u))(=log(u))* _ rlog®(=log(u))(=log(u))"
k2 k k3 + k2 k
at k # 0, and:
0 0 0
0 0 —1log?(—log(u))

0 —Llogh(~log(u)) —Lrlogh(~log(u))
at k = 0. Finally, for estimating the higher-order terms pertaining to estimation of the optimal

weighting function, we require to compute the gradient, with respect to the model parameters, of

the quantile density function Q'(u|f) = m, The gradient is given by:
0 (—log(u))share—1  gcalelog(— log(u))(— log(u))shape—1
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at k # 0 and:
0
(—log(u))*~

rlog(—log(u))(— log(u))k~!

and
0
1
ulog(u)
 rlog(~ log(w))
ulog(u)

at k= 0.
M.2. Generalized Pareto Distribution.

M.2.1. Theoretical L-moments and its derivatives. Following Hosking (1986), the [-th probability-
weighted moment of a GPD distribution with location parameter m, scale parameter r and shape
parameter k is given by:

1 DD (42)
(* T(k+1+2) )

/ Qo(w)uldu = ot ’f(“r((l)g itk 70 .
mo D@D H2)4Y) i = ()

T+1 T(+2)
The gradient of the [-th probability-weighted moment is given by:

D+ 10+ 2)
 T(k+1+2)
D(k+ DT +2)ypO(k+1+2) T(k+ 1)121(+0>)(k + DI+ 2) . L(k+ 1)1 +2)
T( T(k+1+2) N T(k+1+2) ) ’”( N EYEY) >
k(1+1) B k2(1+1)

at k # 0 and:

1
PO 14+2)+y
1+1
rD(L+1) (69O (1 4 2) + 1299 O (1 + 2) — 69D (1 + 2) + 69 + 72)
12T°(1 + 2)

at k£ = 0. The Hessian is given by:
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[0 0 0
Dk + DI+ 20Ok +1+2) T(k+1)yOk+ 1)+ 2) L(k+1I({1+2)

0 0 Fk+1+2) Tk+1+2) B Tk+1+2)
k(+1) K2(1+1)
Tk + DI+ 20Ok +1+2) T(k+ 19O (k+ )01 +2) T(k+ 1) +2) o[, L+ +2) ZT(FUH1)F<1+2>w‘°><k+l+2)7f(k+l)w“’)(kH)F(HZ))
T(k+1+2) - T(k+1+2) ENTED) r(’ T(k+1+2) ) Ik+1+2) I(k+1+2)

0 k(l+1) - k2(I+1) k3(1+1) k2(1+1)

. D(k+ 1Dk +1)20(1+2) 20k + 1)@k + )01+ 2)9 O (k + 1 + 2)

TR \ T(k+1+2) + Tk+1+2)

PE+DT+29W(k+1+2) TE+DII+2)9pO%k +1+2)* T+ DYk +1D)I(1+2)
‘ T(k+1+2) - T(k+1+2) - T(k+1+2) )
at k # 0, and:
[0 0 0 |
0 0 L1 +1) (692 + 72 + 129902 + 1) + 60O (2 + 1)2 — 69D (2 + 1))
12I°(2 4 1)

r 1 )

= (943 2 (9 1 )2

6 F(2+Z)F(1+l)( v+ 62 +)

T(1+1) (692 + 72+ 1299@ (2 + 1) + 69O (2 + 1)2 — 6D (2 + 1
o It ) (67" + 7 + 1299 1(2”2)”) G et Chul)) + @2 +1) (672+7r2—12¢<1>(2+1))—6w<1)(2+5)—2¢<2)(1))
L2 (O 2+ 1)? + 30O 2 + DD (2 + 1) + @ (2 +1)) >
1+1

at £ =0.

M.2.2. Quantile function and its derivatives. The quantile function is given by:

On() PR GCo I T
T f0=0=0%) g

m+ L A
The gradient with respect to the model parameters is given by:

1

1—(1—u)
k

r(-(1- u)k) (- u)*log(1 — u)
k2 k
at k # 0 and:

1

—log(1 — u)

1
—§r10g2(1 —u)
at k = 0. The Hessian is given by:

0 0 0

0 0 _1—(12—U)’“ B (1—U)k1];)g(1—u)

o _l=(-w' (-wlog(l—w) 2r(1-(1~u") A G u)Flog(l —u)  r(l—u)flog*(l - u)
k2 k i3 12 -
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at k # 0 and:
0 0 0
1
0 0 ——log*(1 — u)

1
0 —ilogz(l—u) —§r10g3(1—u)

at k = 0. Finally, the gradient of Qy(u) with respect to 0 is:

0
(1 — u)k!
r(1 —u)*1log(1 — u)
at k # 0 and:

at k= 0.

APPENDIX N. SIMPLE SUFFICIENT CONDITIONS FOR L?(0,1) CONSISTENCY OF EMPIRICAL
QUANTILES

The following is a useful lemma for establishing L?*(0,1) convergence of empirical quantiles.

Lemma N.1. Let Yi,...,Yr be a random sample from a distribution with finite (2 4+ §)-moment
that admits Lebesgque density f such that uw — f(Qy(w)) is continuous, where Qy is the quantile
function of this distribution. Then, denoting by Qy the empirical quantiles from Yy,..., Y , we
have that, as T — oo:

/0 (v () — Qu(w))2du 50 .

Proof. Note that, by Fubini theorem, we can always write:

E {/;(QY(U) - QY(U))QdU} = /OIE[(QY(U) — Qv (u))*|du = /01 gr(u)du,

where gr(u) = E[(Qy (u) — Qy(u))?]. Now, given that the distribution has a finite moment, and
under the stated smoothness assumptions on f o Qy, limy_, gr(u) = 0 for every u € (0,1) by

Proposition 1 of Mason (1984). But then, we observe that, taking p = 22 > 1
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/0 QT(U)deS/O E[|Qy (v) — Qy (w)|**]du <

24 (e[ [ rra] +& [ [ orwpa]) -

T
22-{-(5 (E Ztil |}/;|2+6

T
where the first inequality follows from Lyapunov inequality, and Fubini theorem is used in the sec-

+ E[IY1|2+51> = 27TR(|Y 7] < o0,

ond inequality. Since the quantity 22*1°E[|Y;]**?] does not depend on T, it follows from Theorem
4.6.2 in Durrett that the sequence {g;}; is uniformly integrable. Consequently, by Theorem 4.6.3
of Durrett (2019), E |:f01<Qy(u> — Qy(u))zdu} — 0, and a final application of Markov inequality

yields that fol(Qy(U) — Qy(u)%du 5 0, as desired. O

In the previous proof, we relied on a finite (2 + §)-moment to establish uniform integrability
of gr. If one replaces this moment condition with the assumption that there exist real constants
C, ky, ko such that f(Qy(u))™t < Cuf (1 —u)*,Vu € (0,1), then Mason (1984, pages 248-249)
shows that the distribution has a moment (and consequently, gr(u) — 0 for every u € (0, 1) by his
Proposition 1) and that the {g:}: are uniformly integrable. Consequently, fol gr(u)du — 0, and

consistency in L?(0, 1) holds. We state this alternative result below:

Lemma N.2. Let Yy, ..., Yr be a random sample from a distribution that admits Lebesque density
f such that u — f(Qy(u)) is continuous, where Qy is the quantile function of this distribution.
If there exist real constants C,ky, ko such that f(Qy(u))™! < CuM (1 —u)* Vu € (0,1), then,

denoting by Qy the empirical quantiles from Yy, ..., Yr , we have that, as T — oo:
1
/ (Qy (1) — Qy (u))?du 50 ,.
0
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